ON BADLY APPROXIMABLE NUMBERS
AND CERTAIN GAMES

BY
WOLFGANG M. SCHMIDT

1. Introduction. A number « is called badly approximable if | o — p/q| > c/q®
for some ¢ > 0 and all rationals p/q. It is known that an irrational number « is
badly approximable if and only if the partial denominators in its continued
fraction are bounded [4, Theorem 23]. In a recent paper [7] I proved results of
the following type: If f,,f5,:-+ are differentiable functions whose derivatives
are continuous and vanish nowhere, then there are continuum-many numbers o
such that all the numbers f,(a), f,(2), -+ are badly approximable.

Let 0<a<1/2, 0< B <1, and consider the following game of two players
black and white. First black picks a closed interval B,. Then white picks a closed
interval W, « B, whose length is o times the length of B,. Then black chooses an
interval B, « W, which is closed and has length f times the length of W,. Then
again white picks a closed interval W, = B, of length « times the length of B,,
and so on. Call white the winner of a play if the intersection of the intervals W;
is badly approximable; otherwise black is called the winner.

Who will win? Since the badly approximable numbers have Lebesgue measure
zero, [4, Theorem 29], one might think that black can always win. It turns out,
however, that white can always win (Theorem 3).

We shall show that sets S with this property (namely that white can always
play such that the intersection ﬂ W; is in S) necessarily contain continuum-many
elements (Lemma 23), that countable intersections of sets with this property
again have this property (Theorem 2), and that if S has this property, and f(x)
has a continuous derivative with f’(x) # 0 everywhere, then the set of a with
f(x) € S again has this property (Theorem 1). These facts imply the result stated at
the beginning.

We shall discuss games of much greater generality than those mentioned in this
introduction.

The author is indebted to the referee for very valuable suggestions.

2. (¥, ®)-games. Let M,Q be sets, Q' a subset of Q, and « a mapping from Q
into subsets of M. Call H-function any function § which assigns to every Be Q
a nonempty set $(B) = Q such that for C e H(B),

a(C) < a(B).
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Now let &, ® be $H-functions, and let S be an arbitrary subset of M. Consider
the following game of two players black and white. First black picks an element
B, €Q’. Then white picks W, € &(B,). Then black picks B,e® (W;). Then again
white chooses an element W, € §(B,), and so forth. Put B} = «(B)), W;*= (W)
(i=1,2,---). One has Bf> W;* o B} o W,* > ---. We call white the winner of
a play if ()2 W*=[)2:B? is contained in S; otherwise black is the winner.
This game we call (§,®;S)-game. We call S an (&, ®)-winning set if white can
always win the (&, ®; S)-game.

Another way of defining an (§, ®)-winning set is the following. Let F,(n=1,2,---)
be the set of functions f(B,,B,,::-,B,) defined for elements B,;eQ such that
f(B;,-+,B,)eFB,). A sequence fy,f,,:-- where f,eF,(n=1,2,---) will be
called a strategy. A strategy is called (,®;S)-winning strategy if the following
holds: Let By, B,, -, W,, W,, -+ be sets such that B, € Q' and

(1) Bn € 6(W--l) (n=2’3)”')’
(2) VV,, = fn(Bla'"’Bn) (n = 1’2"")'

Then ()1 B} is necessarily contained in S. Now S is an (&, ®)-winning set if
and only if there is an (&, ®;S)-winning strategy. White will win by choosing
W, = f(By, -, B,) when B,,---,B, are given (n=1,2,---).

This means that white bases his decision on how to pick W, not only on B,,
but also on the previous elements B, -+, B,_;. Is this necessary? In other words,
if S is a winning set, does there exist a winning strategy of the type f,(By,:*,B,)
=f(B,) (n=1,2,-:-), where feF,? Such a strategy we shall call positional
strategy. Using the well-ordering principle we shall show in the last section that a
winning set does indeed have a positional winning strategy. This result has the
following interpretation. In our game both players know the outcomes of all the
previous moves. One obtains a different game if one specifies that white at the
nth move shall know B, but shall not remember the number n or the previous
elements B,,---, B,_;. Now the result on positional strategies means that if S is a
winning set of the original game, it is also a winning set of the new game. A special
case of this was proved in [2, §4].

Let fi,fz,:-- be a winning strategy. We call B, B,,:-- with B, eQ’, B;eQ
an fi, f2,----chain if there are elements W, W,,--- such that (1) and (2) hold. The
intersection of the sets BY = a(B,) of a chain is in S. We call B,, -+, B a finite
f1:f2,+++-chain if there are B, By, -+ such that B,,B,,--:,B;,B;,,+** is an
J1,f2, +++~chain.

LeMMA 1. Let B,,B,,:-- be elements of Q such that B,,---,By is a finite f,,
f2,-++-chain for every k. Then By, B,, - is an fi,f,,---chain.

Proof. Put W,=f(B,,:--,B,) (n=1,2,--.). Since B,, -+, B, is a chain,
A3) B; e ®(W;-,) (1=5jZk).
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Since k is arbitrary, (3) holds in fact for every j. Hence (1) and (2) hold, and
B,,B,, - is an f}, f,,---chain.

We shall repeatedly use this lemma without mention.

It is reasonable to call S a losing set if black can always win. It was shown by
Gale and Stewart [3] that an (&, ®;S)-game need not be determinate, and hence
in general there are sets which are neither (&, ®)-winning nor (&, ®)-losing.

3. (o, f)- and (a*b)-games. Already we have to specialize.

For completeness we mention Oxtoby’s game [6]. Here M is a topological space,
and Q = Q' consists of a class of subsets with nonempty interiors such that given
a nonempty open set O there is a set C< 0, C € Q. a is the identity map. §F(B)=®(B)
consists of all subsets of B which are in Q. A special case is the Banach-Mazur-
game [5], [8]. Here M is the real line and Q consists of M and all closed intervals.

Let M be a complete metrical space with distance function d(x, y). Let Q = Q’
consist of all pairs (p, ¢), where p is a positive real number and ¢ € M. The elements
B = (p,c) of Q will be called balls or more precisely balls of M, and we call p = p(B)
the radius, ¢ = c¢(B) the center of B. With Be Q we associate the set B* = a(B)
consisting of all points xe M satisfying d(x,c) < p. In general, a(B) does not
determine B, but it does if M is a Banach space of positive dimension.

We say a ball B, =(p,,c,) is contained in a ball B, = (p,, c,) and write B, < B,
if

p1 +d(cy,c2) S pa.

This implies (but is not implied by) a(B,) < a(B,). One easily checks that B, = B,
and B, < B, implies B, < B;.

Let 0<y<1. Given BeQ, let B? be the set of all balls B’ = B having
p(B’) = yp(B). Let §” be the H-function defined by F*(B) = B.

Now let 0<a<1, 0<f <1, S M. The (F°F*S)-game is well defined.
For brevity we will call this the (a,f;S)-game. Thus in an (o, 8)-game, black
first picks a ball B,, then white picks a ball W, € Bf, then black a ball B, € W#, and
so forth.

Next let M be the real line and Q = Q' the set of all closed intervals of positive
length. For « take the identity mapping. If I is a closed interval and ¢ > 1 an
integer, write ‘I for the unique set of ¢ closed intervals whose lengths are ¢ '
times that of I, and which cover I. Let “§ be the $-function with ‘F(I) = °I.

Now let a > 1, b > 1 be integers, S = M. The (*§, &; S)-game is well defined.
For convenience we call it (a*b;S)-game.

A variant of the (a*a)-game is the a-digit-game. Here Q' consists of a single
element only, namely the unit-interval 0 < x < 1. This game amounts to the
following. First white chooses a digit ¢, to base a, namely ¢, =0,1,---,a — 2 or
a — 1. Then black chooses a digit c,, and so on. White is the winner if x = 0,¢,c¢, -
(written in the scale of a) is in S. Every (a*a)-winning set is an a-digit-winning set.
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LEMMA 2. Let 0<a <1, 0<fB <1, a>1, b>1, where a,b are integers
and where
abaf =1, ao = 2.

Then every (a, §)-winning set on the real line is (a*b)-winning.

Proof. Here Q = Q' consists of closed intervals of positive length, and « is the
identity map. Thus we need not distinguish between B € Q and the set B¥*=a(B)c M.
Let h,, h,, -+ be an («, B; S)-winning strategy. Given B, :--, B,, put
W, = h,(B,,"+,B,). The length I(W,) of W, satisfies I(W,) = al(B,) = 2a”"' I(B,).
Hence there is a W,e”B,, W, < W,. Put f,(B,,,B,) = W,. We claim f,,f,, -
to be an (a*b; S)-winning strategy. Suppose (1), (2) hold with ® = *&. Then

“) B, e Wb_, (n=2,3,--),
(5) Wn = hn(Bl""’Bn) (n=1,29°")

hold. (4) is true because B, < W,_, = W,_,, B,eW,_;,W,_ e W,°?”", and
(aab) ' = B. By (4), (5), B;,B,, -+ is a hy, h,,---chain of the (a, B;S)-game, and
(B, isin S.

LEMMA 3. LetO<a<1,0<fB<l,a>1,b>1,
abaf =1, bp=2
where a, b are integers. Then every (a*b)-winning set is also («, f)-winning.

Proof. Let h,, h,,--- be an (a*b; S)-winning strategy. Define f, by induction on n
as follows. Given a closed interval B, pick some B, € B®P™' then W, = h,(B,).
Define f,(B,) = W,. Given B,:--,B,, n>1, put W,_,=f,_(By s B,1),
and pick B, such that B, < B,, B, € *W,_,. This is possible since I(B,) = BI(W,_,)
=2b"'I(W,_,). (Here we used B, = W/_,. If this is not the case, the sequence
By, B,, -+, B, will not occur in a play, and f,(By, -+, B,) can be defined arbitrarily.)
Now put f,(B,, +,B,) = h(B,,+, B,). We claim f,,f,,-- is an (a, B;S)-winning
strategy. Suppose (1), (2) hold with & = F®. Then

B, € *W,_, (n=2,3,-),
W, = h(By,--,B) (n=1.2,-).
Hence By, B, is a hy, h,,---chain for the (a*b)-game. ()5, is in S and (| W,
isin S.
4. More about («, f)-winning sets. Again let Q be the set of “‘balls’’ B = (p, c),

where p > 0 and ce M. Given a ball B of center c and radius p and a point xe M
write

e(x,B) = d(x,c)p~*.
One has e(x, B) = 0 if and only if x = ¢, e(x, B) < 1 if and only if x € a(B).
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LEMMA 4. Let e =e(x,B)<1and 0 <y < 1. Every ball B'e B” has ¢’ =e(x,B’)
in the interval

©) max(0,(e +y— 1)y ') <e' S(e+1 -9y~

If y £ 1 —e, there is always a ball B’ € B? having e’ = e(x,B’) = 0. Moreover,
if M is a Banachspace of positive dimension with distance d(y,z) = |y - z|, then
for every e’ in the interval (6) there is a B’ € B with e(x,B’) = €.

Proof. Let B have center ¢ and radius p, B’ € BY center ¢’ and radius p’ = py.
e’ = d(x,c")p' "' S(d(x,¢) + d(c,c’)p’ ' £ d(x,e) +p—p )"
= (dx,p ™ +Dpp Ll =(e+ 1y —1=(e+1—yy",

e 2 (d(x,c) —dc,cNp' T 2dx, )= p+p)p T =(e+y -1y

Hence (6) always holds.

Now let y <1 —e. The ball B’ with center x and radius yp is in B, since
yp + d(x,c) =7yp +ep < p. Here e’ =e(x,B’)=0. Next, let M be a Banach-
space and y > 1 — e. Let B’ be the ball with center ¢’ = c — e~ '(y — 1)(x — ¢) and
radius p'=yp. Now yp+d(c’,c)=yp+d(x,c)(1 —)e” ! =yp+ep(l—y)e” ' =p,
hence B’ = B'. Furthermore, e’ = e(x, B')=d(x, ¢')p’ ~'=d(x,c)(1 +(y—1)e” Hiyp) !
=ep(1 + (@ —1e ')(yp)"! =(e+7y—1)y~". Thus if M is a Banachspace, there
is always a B’ = B? whose e’ = e(x, B') is the left endpoint of the interval (6).

Let e>0, put ¢’=c + e '(y — 1)(x — c) and let B’ be the ball with center ¢’
and radius p’ = py. d(c,c’) = d(x,c)(1 — y)e™! = (1L — y)p = p — p’, and therefore
B'eB. Also e =e(x,B)=d(x,c)p’ ' =d(x,¢c) 1= —1e ") (yp)~*
=epl—=(—De W 'p  =(e+1—n7"

If e=0, let ¢’ be any point having d(c,c’)=p —p' =(1 —)p, and let B’
be the ball with center ¢’ and radius p’ = yp. Then B’ = B' and e’ = e(x,B’)
=d(x,c)p' " =dlc,c)p T = =py ot =1 =y7".

Hence if M is a Banachspace there is always a ball B’ € B” whose e’ = e(x, B")
equals the right endpoint of the interval (6). Since for B’ < B’, ¢’ = e(x, B')
depends continuously on the center ¢’ of B’, there is a ball B’ = B” whose e(x, B’)
equals e’, where e’ is an arbitrary number in the interval (6).

LEMMA 5. Suppose 0 <a<1, 0<B <1, 20=>1+ap. Then the only (x,p)-
winning set is M itself.

Proof. Let x € M. Black may choose B, with center x. Hence e, = e,(x, B,) = 0.
Then W, e B} satisfies e; = e(x, W;) = (1 — a)e”' by Lemma 4. Now
B<B+QRu—1—afja™ ' =2—a ' =1—(1—a)a”'<1—ef, hence by
Lemma 4 black can choose B, e W# with e, = e(x,B;) =0. Thus B, also has
center x. In this fashion black can enforce that x is the center of every ball B,.
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Then x is in the intersection of the *‘ballsets’” a(B,) = B} and every winning set S
must contain x. Since x was arbitrary, S = M.

LEMMA 6. Let 0<a<1,0<f <1, 2821+ aB. Then every dense set S is
(a, B)-winning.

Proof. Let S be dense, and suppose black picks a ball with center ¢ and radius p.
There is an x € S having d(x,c) = (1 — «)p. White may pick W, = B with center
x. Now, using the same method black used in Lemma 5, white can enforce that all
the balls W, have center x.

LEMMA 7. Let M be a Banachspace of positive dimension, 0<a<1, 0<f <1,
200 <1+ af. Then any set R obtained by removing a finite number of points
from a winning set S is again a winning set.

Proof. Let R be obtained from the winning set S by removing x. If black picks
B, such that x ¢ B then of course white can win. If in fact at some stage of a play
there occurs a B, with x ¢ BY, then white can win. Hence it suffices to show that
white can play in such a way that x ¢ B for some n.

Assume xe€ BT and set e; = e(x,B,) < 1. White can pick a ball W, having
e) =e(x,W)(e; + 1 —a)o ! by Lemma 4. If ¢ > 1, x ¢ W, and we are through.
Otherwise e} +f—1=(e; +1—a)a '+ f—1=ea '+ +af —2x)a"'>0
and B, e W satisfiese, = e(x,B,) = e;a™ '™ + (1 + af — 2a)(2f) ™" > ey (aB) ™!
by Lemma 4.

Generally, if x € BY, white can play such that either x ¢ W,* or

e(x’ Bn+ l) > ((ZB)_ ! e(x, Bn)
Since («f) ~' > 1, there will sooner or later occur a ball B,, with x ¢ BY.

LeMMA 8. Let0<a<1,0<f<1,0<a'<1,0<f' <l,off=a'f,a' Sa.
Then every (a, f)-winning set is also (a’, B’)-winning.

Proof. Assume o’ <oa. Let hy,h,,--- be an (a,;S)-winning strategy. Given
B,,-,B,, write W,=h,(B,,--,B,), pick some W,c W¥/*and put f(B,,"-,B,)=W,.
Suppose (1), (2) hold with & = {*". Then

Bne Wnﬁ—ial'/d = Wf_l (n = 2, 3, "'),
Wn = hn(Bl’ ""Bn) (n = 132"")'

Hence B,,B,,:: is a h,h,,----chain of the («,f)-game and ﬂB,’," is in S.
Therefore f,,f,,-:- is an (¢, B’; S)-winning strategy.

LEMMA 9. Every (a,f)-winning set is («(Bo)t, B)-winning for k=0,1,2,---.

Proof. Suppose in the («, f)-game, white not only makes his choices of the balls
W,, but also of the balls B,, except those where (k + l)l(n —1) (that is, k +1
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divides n —1). Thus black can pick only every (k + 1)st ball B,, namely
By, By s (k+1y Br42ge+1y -+ - The balls

Bl’ pVk+ I!Bl +(k+1) W2(k+l)9B1+2(k+ 1) °°°

are balls of an (a(Ba)* B)-play. If white can win the (a, f)-game it certainly can win
the (a(fo)*, B)-game.

COROLLARY. Let o'’ = (af)* for some integer k>0 and B’ = B. Then every
(a, B)-winning set is (a’, B’)-winning.

Proof. Combine Lemmas 8 and 9.
Problem. Is it true that an (x,f)-winning set is necessarily (a’,8’)-winning
if o’ < a, B’ = B? In particular is this true if M is the real line?

5. Behavior of winning sets under local isometries. Let M,M’ be metrical spaces
with distance-functions d(x, y) and d’(x’, y’), respectively. Assume that for every
ball B of M, a(B) = B* is compact, and make the same assumption on M’. M, M’
are then locally compact and complete. Let ¢ be a homeomorphism from M onto
M'’. The function

M A(x, y) = d'(a(x), a(y))/d(x, y)

is defined and continuous for x # y. We call ¢ a local isometry if ji can be con-
tinued to a function g which is defined, continuous and # O for all x, y in M.

THEOREM 1. Let o be a local isometry from M onto M'. Let S<M be an
(a, B)-winning set. Then S’ = o(S)c M’ is an (¢’, B’')-winning set if &'’ =ap, o’ <a.

We first need a lemma. Write 7 for the inverse map of ¢ and define v(x’, y’) for
x',y"€e M’ by either of the following two equivalent formulae:

® w(x',y) = 1p(x(x) 1)), w(x,y) = 1/v(0(x), 0(p)).

When x’ # y’, v(x',y') = d(z(x'),7(y'))/d'(x’,y’). Given 1> 0 and a ball B of M
with center ¢ and radius p write (4, B) for the ball B’ of M’ with center o(c) and
radius Ap. Given 2> 0 and a ball B’ of M’ with center ¢’ and radius p’ write
7(4, B") for the ball B of M with center t(¢’) and radius 1p’. Denote the set of balls
C’ = B’ with p'(C") < 6p’'(B’) by B~

LEMMA 10. Let B’ be a ball of M’, and ¢ > 0. Put vo = maxv(x',y’), taken
over all (x',y')e B'* x B'*,

There exists a 6 =6(B’,e) >0 such that every C'eB’° has the following
property.

Put v=v(c',c’) and p=v"!

= p(t(c’),t(c")), where ¢’ is the center of C'.

Now for any ball D' = C' of M’ and any ball D of M,
) D < 1(v(1 —¢), D) implies a(u(1 —¢),D) = D'.
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On the other hand, if E is a ball of M with E < 1(vy,C’) and E’ a ball of M’,
(10) E’' co(u(l — &),E) implies ©(v(1 —¢),E’) < E.

Proof. Let B = t(2vy, B’). u(x,y) is uniformly continuous and bounded from
below in B* x B*. Hence there is an n = 5(B’,¢) > 0 such that

ll(xI’yl) -1

<é
u(x2,y2)

an
if x1,X2,¥1,2 are in B* and d(x,x,) S, d(yy,y,) S 1.

Set 8, =n(3vop(B")) "%, let C’ e B’**~ and suppose D, D’ satisfy the hypothesis
of (9). Now if D = (d, p,), D" = (d’, pa), B' = (b’, p3), C" = (c’, pc)

(12) pa + d(d,7(d")) = V(1 — &)p;.

Now since D' = C’' = B; d'(d’,b’) £ p;, whence d(z(d"),7(b")) < vop;. Similarly,
d(t(c’),©(b")) < vops. Finally, by (12), d(d,=(b")) < d(d,t(d")) + d(z(d’),=(b"))
< vpj + vops < 2vop,. Since B has radius 2vgp,, the points 7(d’),7(c’),d are all
in B*.

Furthermore, d(t(d’), 1(c')) £ vod'(d’,c") £ vopi £ vod10s < /2, d(d, 1(c"))

< d(d,(d") + d(x(d"), ©(c")) £ vpy + 1/2 < vobypy + /2 < 1. Hence by (11),
u((d’),d) < p(x(c’), (e’ )1 + &) = p(l +¢).
Now
(1 —&)ps + d'(a(d),d") < pp, + u(d,n(d"))d(d, 7(d"))
< p(1 +&)(pg + d(d,7(d"))

Sw(l —e)(l+e)pi<pq4.

Thus the conclusion of (9) holds.

Hence to obtain (9), one may take § = J,. Now, by symmetry, one may treat
B as we did B’. There is a 8, > 0, such that (10) holds if Ce B %*; E = C, and
if E' is a ball of M’. We set 6 = min (d,,0,) and show (10) holds for E < 1(vq, C’).
By what we just said it suffices to verify ©(vy, C') e B**".

We have C’ = B’ °7, hence p. < dp; and p.+ d’(c’,b’) < p,. Since b’,c’ are in
B'*, vop. + d(t(c’), ©(b")) £ vop.r + vod'(c’,b') S vopp, Whence 1(vo,C’) < B.
Finally, the radius of t(vy, C’) is vop. < 0vops < 9,20

Proof of Theorem 1. Let the hypotheses of the theorem be satisfied. There is an
¢ > Osuch that «’ = a(1 — &), B’ = B(1 — &) ~2. Suppose black starts with a ball B;.
Choose 6 = d(B},¢). Since a’Bf’ <1, some ball B’ of the play will be in B.
Let v = (b, b}), where b’ is the center of B;, and p = v ~*. Then (9) will hold for
balls D’ < B; of M’ and balls D of M, while (10) will hold for balls E < (v, B})
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of M and E’ of M’, where v, = max(x’,y’), taken over all (x’,y")e B{* x B/*.
We may assume this already to be true for j = 1.

Let fy,f5,--+ be an (a, f; S)-winning strategy. We claim the functions f}, f;,
defined by

fa(Bis - By) = a(u(l — €),f,(z(v(1 — ), BY), -+, 7(v(1 — €),B,))  (n=1,2,-)

are an (o, ' ; S')-winning strategy for plays beginning with our particular Bj.

First we have to verify f)(B}, ---, B,) € B,*. For this purpose set B,=1(v(1—¢), B}
(i=1,.-,n) and W,=f(B,,-:,B,). Now W,c B,=1(v(1—¢),B,), whence
fA(B1, -+, By) =a(u(l —¢),W,) = B, by (9). (After all, B, = B;). A comparison
of radii actually shows f/(B,,---,B,) € B*.

Now let balls B}, B3, ---; W/, W,, -+« of M’ satisfy

B;l € VVn'g'l (n = 2’ 3) "')’

W, = fiBi,-,B,) (n=1,2,-).
Put B,=1t(v(1 — €), B,), W, =fuBy--sB,) (n=1,2,---). One has B,_; c Bl'a
hence p;,_, +d'(bi,b,_,) < py,, whence vop;, _, + d(1(by),t(b,-1)) < vops,, Which
gives 7(vo, By—1) < t(vo, By). W,_; = B,_; = 1(W(1 — &),B,_;) = ©(vo, B,_1)
< 17(vg, B}). Hence we may apply (10) with E = W,_, and see that B, = W,_,
= fu-1(B{,*+,B,_1) = o(u(l — &), W, _ ) implies

B,=1(v(1 —¢),B) = W,_, (n=2,3,---).

Using this and W, = f(B,,"-,B,)(n = 1,2,---), we conclude x=[)B}eS.

Let x’ =( ) B,*. This implies d'(x", b}) < p;,, whence d(z(x"), b,) = d(z(x"), (b}))
< vops,. Since b, tends toward x and p, —0, 7(x")=x, whence x' =ag(x)€0(S)=S".

6. a-winning sets. Let 0 < a < 1. Call a subset S of a complete metrical space
a-winning, if it is («, f)-winning for every 8, 0 < g < 1.

LEMMA 11. Let 0 <a’ <a < 1. Then every a-winning set is a’-winning.

Proof. Given any f’, 0 < B’ < 1, there exists a , 0 < B < 1, such that
af =a'f’. S is (a, f)-winning, hence (o', ')-winning by Lemma 8.

LEMMA 12. The only a-winning set S ¢ M with o > 1/2 is S = M itself.

Proof. There is a f, 0 < f <1, having 20 = 1 + aff. The result is now an
immediate consequence of Lemma 5.
Let S < M. Define the winning dimension of S,

(13) windim S,

as follows. Windim S = 0 if S is a-winning for no « > 0. Otherwise windim is the
least upper bound of all « in 0 < « < 1 such that S is a-winning. It follows from
Lemma 12 that windim S = 1 if and only if S = M ; otherwise 0 < windim S < 1/2,
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LEMMA 13. Let M,M’ be metrical spaces such that for balls B of M and

B’ of M’, a(B) and a(B’) are compact. Let ¢ be a local isometry from M onto M’
and let S « M. Then

windim ¢(S) = windim S.
Proof. Apply Theorem 1.
THEOREM 2. The intersection of countably many a-winning sets is a-winning.
CoroLLARY. Windim ([){%, S,) = g.1.b. (windim S)).

Proof of Theorem 2. We have to show that S =ﬂSj is a-winning if each
of the sets S; is. We show that S is («, f)-winning, say. White will win by playing
according to the following rule.

At the first, third, fifth, --- move, white moves according to an («,ofx;S,)-
winning strategy. Since B,,.; € By#*,, white can enforce in this way that ﬂ B
is in S,, no matter what strategy he uses in his second, fourth, sixth, --- move.

At the second, sixth, tenth, --- move, white uses an (x,a(Ba)®;S,)-winning
strategy. Generally, at the kth move, where k =2'"!(mod2’), white moves
as if he were playing the (o, a(Bo)*' ™! : S)-game, and thus can enforce that () B¥ is
in S.

Our rule amounts to this: Let f{,f,--(I=1,2,---) be an (x,a(af)? " !;S)-
winning strategy. We now define a strategy f,, f,,- - as follows. For k=2'"!(mod 2")
and k=2""" + (¢t — 1)2', set

Sfi(By, "',Bb = f(Bai-1, Byi-14 31, +++, Bz'-l+(r—1)2')-
Then

20-1
By-1se-nn€ Walti o (t=2,3,--),

W2'-1+(c—1)2' = f:'(Bz'-l’ ) Bz'-'+(:-1)2') (t = 1,2"”),

and the intersection
[e o]
&
n BZ""+(:— 1)2!
t=1

isinS; (I=1,2,-).

LEMMA 14. Let M be a Banachspace. Let T be be obtained from an a-winning
set S, ScM,0<a=<1/2, by deleting at most countably many points. Then
T is also a-winning.

Proof. Let T be obtained by removing the points x,,x,,--- from S, and let
T; be obtained by removing x,, -+, x; from S. Each of the sets T; is a-winning by
Lemma 7, hence T is a-winning by Theorem 2.
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7. Badly approximable numbers. In this section M is the space of real numbers
with the usual metric, and the badly approximable numbers are considered as
subset of M.

From here until the end of §12, o will be 1-1. Hence we need not and will not
distinguish between elements Be Q and sets B* = a(B) = M.

THEOREM 3. The set S of badly approximable numbers is («, f)-winning for
every a, B having 0<a<1,0<f<1, 2a<1+af.

COROLLARY. Windim S = 1/2.

REMARK. Badly approximable numbers can be generalized to n-tuples, and then
the analogous theorem holds. See [1] or [7].

PROPOSITION. Let O0<a<1,0<f<1,y=1+4+aff —2a¢>0. Suppose black
begins his play with a ball of radius p ( = interval of length 2p). Put
d = (y/2)min(p,a>B?y/8). Then white can enforce that x =(\B, satisfies
|x — plg| > 6q™2 for all integers p and q # 0.

Obviously this proposition implies the theorem. Note that reals x with
| x — p/q| > 69~ have partial denominators < 5™ ".

LEMMA 15. Let a,f8,y be like in the proposition. Let the integer t satisfy
(2B)' < y/2. Assume a ball B, with center b, and radius p, occurs in some
(o, B)-play. Then white can play in such a way that By, is contained in the
“halfline’” x > by, + pyy/2.

Proof. Let g *e F? be the function which assigns to an interval B of center ¢
and length 2p the interval with center ¢ + p(1 — «) and length 2ap. Now for
given B,.;, 0 £ i<t, white chooses W,,; = g*(B,.:). Denote the center of B,
by b,, the center of W, by w, (n = 1,2, ---). Then w, = b, + p(1 — @),
byyy 2w —ap(l — B) 2 b + pyy > by, and by, 2 b + pyy. Since By, has
radius (af) px < pey/2, By, is in the halfline x > b, + py/2.

Proof of the Proposition. We may assume black starts with a ball B, of
radius p < afy/8. Otherwise, if p > afy/8, there will be a first B; in the course
of the play having radius p; < «fy/8, and then a’f?y/8 < p; < afy/8. Since both
p > a?B*y/8 and p; > a?By/8, it does not matter whether J is defined using p or
p;, and white can play as if B; were the first black ball. Hence assume

p = apy/8.
Choose the integer t such that afy/2 < («B)' < y/2 and define R > 0 by
R*(@p)' = 1.

To prove the proposition it will suffice to show that white can play in such a way
that
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(14) |x — plg| > 47"

whenever (p,q) = 1 (that is, p and g are relatively prime),

(15) x€B,,, and 0<g <R"

for some integer n = 0.

Clearly (14) holds if (15) holds for n = 0, since 0 < g < R® = 1 has no integral
solution q. Suppose By, B, 1, B, 11, **, Bg— 1)+, are already such that (14) holds
if (15) holds for 0 = n £ k — 1. Now in the next moves white has to worry only
over fractions p/q where R*™! < g < R*. In fact white has to worry over at most
one such fraction: I | x — p/q| < 6/¢% | x" — p’/q’| < 5/q’% where R*"! < g < R%,
R¥"'<q'<R* plg#p'lq’s x,x' both in By_y.,, then |p/g—p'/q’| < 5/q*
+5/q'% + 2p(B- 1y+1) < 20R* 7 + 2p(@B)* ¥ = 2(p + SR < 4pR>H
< 3apyR** = 3afy(«f) 'R™** < R™?*, while on the other hand |p/q — p’/q’|
> 1/(qq’) > R~ %, which gives a contradiction.

Hence white has to worry over at most one subinterval C of Bj_,),+, of length
2p(C) £ 28/q® < 26R*~?* . Now if C has its center to the left or on the center b
of Bg-1y+1, C is contained in the halfline x < b+ R*"%* =b 4 5(ap)* "
=b+0p-1)+1/P = b + P 13+17/2, Where pg_ 1)+ is the radius of By )4 -
By Lemma 15 white can enforce that By, is contained in x > b + pg—1y+17/2,
and B,, , ;has empty intersection with C. The reasoning is similar if the center of C
is to the right of the center of By _ )44 -

There is an analogy of a-winning sets with residual sets ( = complements of
sets of first category) in so far, as countable intersections of residual sets are again
residual sets. By definition, residual sets are sets T with the property that every
intersection T N O with a nonempty open set O contains a nonempty open set O’,
as well as countable intersections of sets with this property.

The numbers with unbounded partial denominators in their continued fraction
are a residual set. This set is the intersection of the sets T, of numbers with at least
one partial denominator = k, and it is easy to see that every intersection of T
with an open interval contains an open interval.

Thus the set of numbers with unbounded partial denominators is a residual set
but not a winning set, and the set of numbers with bounded partial denominators
is a-winning for 0 < o < 1/2, but is a set of first category. This is in contrast to
the situation for the Banach-Mazur game [6, Theorem 1 ].

8. Anormal numbers.

THEOREM 4. Let0<a<1,0<f<1,9y=1+aff — 20> 0. Let g be an integer
so large that

(16) g>4(py)~"
and let d be a digit in the scale of g, i.e.,d=0,1,---,g —2 0or g— 1. The set S
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of reals x in whose *‘decimal’’ expansion to scale g the digit d occurs at most finite
number of times is (a, f)-winning.

COROLLARY. The sets S¥ of numbers x which are not normal to base s is (, f)-
winning, and therefore windim S¥*= 1/2.

Proof of the Corollary. Some integral power g of s satisfies (16). The set of numbers
with only finitely many zeros in their expansion to scale g is contained in the set
of numbers not normal to scale g, which is the same as the set of numbers not
normal to scale s. Hence this latter set is («, #)-winning by the theorem.

Proof of Theorem 4. Let black begin with the ball B, of radius p. Choose
integers k=1, ny =1 such that

) g 4> @B p 2 (aB)g M4,
Define integers n, n,, -+ by
(18) g a>@p oz P4 (j=1,2,-).

Then, since aff > 4/(gy),
(19) g @B T p>g Ty > A (j=1,2,).

Thus no <n, <ny <---.

We are going to show that white can play such that every xeB,, j 2 1, has
its (k +j)th digit different from d. Let B, _, be given. The numbers x whose
(k + j)th digit equals d are in intervals of length g *~/ whose distance is
gt i - 1g) z g 2 > 2B = 2p(B,,_,). Hence white has to
worry over at most one interval C = B, _, of length < g ¥ Let us assume
without loss of generality that the center of C is less or equal to the center b of
B Then C is contained in the halfline

S
x<b+g ¥ I2<b+ @) " py/2=b + p(B,,_ |2
Putt=n;—n;_,.
@) = (@B~ (P ™) < (g * DN ™ ) = v/4
and Lemma 15 applies. White can enforce B, =B, _,,, to be in the set of x
having x > b + p(B,,_,)y/2, and hence can enforce that C N B, is empty.
9. Numbers with infinitely many zeros in their decimal.

THEOREM 5. Let g > 2 be integral and let S, be the set of reals which have
infinitely zeros in their “‘decimal’ to base g. Then S, is a, = (g — 1)* + 1)~!-
winning but not a-winning for a > o,. Hence

windim S, =, = (g — )2+ 1)7*.
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Let k = 1, n be integers. Write I,(n) for the interval [ng™*,ng™* + (g — 1) ' g7*],
K, for the union of all intervals I;(n), n =0, £1,+ 2, ..

LEMMA 16. Let I be a closed interval of length I(I) < (x,(g> — g)) "% There
isa k=1 and an interval Je 1%, J < K,.

Proof. Choose k = 1 satisfying

(20) (g — D" )™ < IU) S (a(g — D).

We are going to construct an interval J* = I N K, of length I(J*) = o, I(I).

K, consists of intervals of length (g — 1)”'g ¥ the complement of K; of inter-
vals of length (g —2) (g — 1)"* g *. The worst situation is when the midpoint ¢
of I coincides with the midpoint of one of the intervals of the complement of
K,. In this case I contains all numbers x in

c§x§c+%l([),

and K, contains all x in
¢+ (g 2)(g-1)" ‘g"‘<x<c+ E-2E-D"g +(@-D7g™"
=c+5 (g—1) 1gt-k,
Let J* consist of all x in
¢+ (g 2)(g—-1)" g"<x<0+mm( 1(1),2(8 D7lg' ™.

Obviously J* = I N K,. Furthermore,
I(J*) — a I(1)

= min (3D~ D™'8'™ ) =56 =2~ D78 ~ )

min( (%— ag) - %(g -)@g-D'gk@E-D1gk - agl(I))

v

min( L a(e- 22,1 — 58— (g — ) "'g™4,0 );0

by (20).

Proof of Theorem 5. Let ng™* =co +c,g "'+ -+ + g ~* where cg,¢y,++, ¢
are integers, 0 < ¢; < g — 1 (j=1,---,k). The interval I,(n) now consists of all x
satisfying

Cotcog 't tag  SxScote g o tag T g g e
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Henceif x is in the interior of I\(n), at least one of the digits ¢; 4, Cg42,+-+ Of X
is zero. In fact if x is in a closed subset C of the interior of I,(n), then at least
one of the digits ¢, 41, ", ¢ +m Of x is zero, where m=m(C).

Wenow are going to show that S, is a,-winning. Let 0 < § < 1. In the (o, f)-
game white plays arbitrarily until a ball Bj;, with 2p(B;,) < (¢,(g* — £))~ ! occurs.
Now by the lemma, white can pick W;, < K,,, say W;, = I; (n,). At his next move
white can enforce that W; ., is in the interior of I} (n,). There is an m; such that
every x € W;, ., has at least one of the digits ¢;, 41, **, ¢, +m, €qual to zero. White
can play arbitrarily again until 2p(B;,) S «; '(g — 1)"' g **~™'. By the lemma,
white can pick W;, c K,, for some k,, and obviously k, = k,; + m;. At his next
move white chooses W}, . in the interior of some I,(n;), and so on.

This proves the first part of the theorem.

Let a > «,. Choose m integral and so large that

Q1) a>(14+2(g —1)g> ™),

and let B =« ~'g "™ We are going to show that S, is («, B)-losing.
Black can adopt the following strategy. First he picks the ball B, to consist
of all x in

gl +g P sx=528 +g 7 +gt+ =287+ g g - 1)L

B haslengthg™ ' — g7 2+ g7 %(g—1)"! =, 'g72(g—1)"".

For u=0,1,-,(g—1)>+1 put y,=g '4+g7 2 +u(g—1)'g ~2. The
numbers y, are at distances (g — 1)"' g2, they are contained in B,, and Yos
Y(g-1)2+1 are the endpoints of B,.

W; will have length

IW)=al(B) =00, g7 (g -1 "'>g7 (g - 1)7'(1 + 2(&’l -1g*™
=g (g-1)" +2¢'7"

by (21). Let W, be the closed interval of length g~%(g — 1)"! and with the same
midpoint as W;. W, will contain one of the points y,, | Su<(g—1)%; sayy,, € W,.
Hence W, will contain the interval

(22) Vio— &8 "ExZy,+g "

First consider the case (a) where g—1 divides ug, say uy = Il(g — 1). Now
Yo=8 '+g 2+1g”? where 1sI<g—1.1f I<g—1, y, =0,1(/41)000-- when
written as a decimal in scale g, and y,,— g " =0,1l(g —1)---(g — 1)000---,
that is, y,, — g~ ™ will have the digits 1,/, then m — 2 times g — 1, then zeros.
Ifl=g-1,y,,=02000-and y,—g "=0,1(g — 1)--- (g — 1)000---, that is,
it will have digits 1,m — 1 times g — 1, then zeros. Hence any x in the interval
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Vo — & " £ x <}y, has its first m digits different from zero. Now black picks
B, to be the interval

Vo= 8 " HE (T +E)SX S Y-8 "+ + g ).

B, is contained in (22), hence in W,, it has length
I(By) = g~ "I(By) = a™ ' g~ "(Wy) = BU(W)),

and every x € B, has its first m digits different from zero.
Next take the case (b) where u is not a multiple of g — 1, say uo =I(g — 1) +r,
15sr<g-2,1<g-2. Now

V=8 '+g +Ig 2 +rg (g1 =g '+ (+1)g 3+ r(g 24574 +),

hence y,, = 0,11+ Drrr--. Put 5 =y, +g " —gm™ ! —g ™2~
=Y+ & " —8 "(g-1)"" 5=0,1(l + Drr---r(r + 1)000---, that is, 5 has
digits 1,1 + 1,m—3 times r,r + 1, then zeros. Any x in the interval jS<x<j+g™ ™
has its first m digits different from zero. Now black picks B, to consist of all x
satisfying

FHE"E eSS THE"QE 48 g + ).

B,is in (22) hence in W, its length is BI(W,), and every x € B, has its first m digits
different from zero.

Black does not have to worry over the first m digits any more. Since B, is
congruent to g~ B; modulo g™, black can apply the same strategy to ensure
that the next m digits of any x € B, again are all different from zero. Continuing
in this way black can enforce that x = ﬂ B, has no zeros among its digits.

10. a*-winning sets. Let a > 1 beintegral. A set of reals is called a*-winning
if it is (a*b)-winning for every integer b > 1.

LeMMA 17. Let a’b’ = ab, and a divides a’. Then every (a*b)-winning set is
(a'*b’)-winning.

Proof. Just as for Lemma 8.

LeMMA 18. Every (a*b)-winning set is (a(ba)**b)-winning for every integer
k=0.

Proof. Just as for Lemma 9.
LEMMA 19. Let a be a divisor of a’. Then every a*-winning set is a’*-winning.

Proof. This follows from Lemma 17.

Combining Lemma 2 and Theorem 3 one finds that the set of badly approxi-
mable numbers is a*-winning for a = 4. A direct examination of the proof of
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Theorem 3 shows this set to be a*-winning for every a = 2. A similar remark
applies to anormal numbers.

11. The Hausdorff dimension of winning sets. The Hausdorff dimension of a
set S in a metrical space M is defined as follows. S has Hausdorff dimension
oo if for some > 0 S cannot be covered by countably many balls of radius < 7.
Otherwise put {S,n}" for the greatest lower bound (possibly o) of all the sums

(23) ,}-:1 p(B)*
where B,, B,, -+ is a covering of S by balls B, of radius <. {S,#n}" is a decreasing
function of 7.

(Y = lim (5,1

(possibly oo) is called a-dimensional measure of S. Either {S}* = oo for every «,
in which case S again has Hausdorff dimension co. Or there is a unique 6 = 0
such that {S}* = ocofor o < dand {S}* = 0for « > J, and in this case one defines
the Hausdorff dimension of S to be 4.

THEOREM 6. Let M be a Hilbertspace, and let 0 <a <1, 0 < f < 1. Assume
there are integers t,m with the following property. Given hy,h,,---,h, with
h;e F(i=1,--,t) and givena ball C,, there are m functions g, g", ..., g™~
of F% such that, ifc,....c,,DY...,DP (0 <j< m—1)are balls defined by

(24) cP = g (D2 (l<igt+1),
(25 DY = h(C;,CP,--,C) (1gigy),

then C9,,---,C% " have pairwise disjoint interiors.
Under these assumptions, every (a,p)-winning set S<M has Hausdorff
dimension at least

logm/|tlogap]|.

COROLLARY 1. Let N(f)be such that every ball B contains a set of N(B) balls
of B? with pairwise disjoint interiors. Then every («, f)-winning set has Hausdorff
dimension at least

log N(B)/|logapB|.

For example on the real line one may put N(B) = [8~']. (That is, the integral
part of 1)

Proof. One may use the theorem with ¢t = 1, m = N(f).

COROLLARY 2. An o-winning set in n-dimensional Euclidean space E, has
Hausdorff dimension n.
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Proof. One has N(B) = c¢f~" for some ¢ > 0. This gives the lower bound
(logc + n|logB|)(|loga| + |log B|) ™', which tends to n when § tends to zero.

COROLLARY 3. Let1 + aff > 2. Then every (o, f)-winning set in E, has positive
Hausdorff dimension, and an (a, f)-winning set in infinite-dimensional Hilbert-
space has infinite Hausdorff dimension.

Proof. We first take the n-dimensional case. Write y =1 + aff — 28 > 0, and
let the integer ¢ > 1 be so large that («f)° < y/3.

Let g'*, g~ (i=1,---,n) be the functions of F? which assign to a ball B of
radius p and center (c,,:*-,c,) the ball of radius p and center

(cb e Cim1 6t p(l - ﬂ)s Ci+15°"*5Cn)s (cl’ 5 Cim15C; — p(l - ﬂ)’ Cit1s "',C,,),

respectively.
Let hyeFi,---,h,eF/, and let C; have center c—(cl, -+,¢, and radius p.
Let 1 <j < n and let k denote + or — . Define C¥,...,Cc/*, ; D¥, ..., D/* by

clt = gMDi,) Q2=sist+1),
DI = m(Cy,C¥,-,CH) (=i
Denote the center of CJ* by (¢, -+, ¢/¥). Then
edf 2 c;+p(l—B-Pl—w)=c;+py>c;,
ct+1j 2 ¢; + py.
Hence C/},, which has radius p(«B)' < py/3, is contained in the halfplane
2 ¢; + 2py/3. Similarly, C/;, is contained in x; < ¢; — 2py/3.

Let 1= I(a, B) be an integer with (I + 1)y?/9 > 1 We claim that any ball C/},
has nonempty intersection with at most I of the balls C/; ,(j =1,-,n; k= +, —).
To show this it suffices to see that CL}, can intersect at most I of these balls
(including 1tse1f) By what has already been shown it cannot at the same time
intersect C/}, and C/7; . Thus it remains to show that C1}, cannot 1ntersect all the

balls C,H, -, C,ih 1", say. If these mtersectmns were nonempty, clhize + pyf3
(j=2,+,1 + 1), and the center of C.}, would have distance from the center ¢ of

Clat least pJ@? + W29 > p J( + 1¥*/9) > p.
Thus there exist

(26) m = max(2,2n/l)

of the balls C/*, (j=1,--,n; k= +,—) which are pairwise disjoint. We can
pick m of the functions g*, say g(®, .-+, g™, which satisfy the conditions of the

theorem. Therefore S has Hausdorff dimension at least log m/| tlogapf l > 0.
Inthe case of a Hilbertspace of infinite dimension the argument leading to (26)
in the previous case shows that now one may take m arbitrarily large.
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REMARK. The results of this section are in contrast to Folgerung 1 of Satz 3
of [8] wherea different game is studied.

12. Proof of Theorem 6.

LemMMA 20. Put w =2//3—1. Let D,D,,---,D, be balls in a Hilbertspace
such that p(D) < wp(D,) = -+ = wp(D,). Let D;,D; have disjoint interiors for
i # j, and let D,D; have nonempty intersections for i =1,2,---,e.

Then e < 2.

Proof. We may assume p(D,)=:-- = p(D,) = 1. We have to show that the
assumptions of the Lemma with e = 3 lead to a contradiction.

Let D have center 0, D; center x,(i =1,2,3). Then |x;| <1+, | x;—x;| 22
for i#j. One obtains |x;|*<(1+w)*=4/3, 4= |x;—x;|*= | x:|*+ | x;|* = 2x,x;
(=inner product) <8/3—2x;x; hence x;x;<—2/3 (i#j). This gives
xy(x; + x3) < —4/3. On the other hand, |x,(x;+X3)|*<|x;[?*|x2+ x5
< (4/3)(8/3 + 2x,x3) < 16/9, which gives a contradiction.

Let S be (a, f)-winning, and let a winning strategy f;,f,,--- be given. Call a
sequence of balls E, E,, -+ a t — fy, f,,----chain, if there is an f;, f,-chain
B,,B,,--- such that E, =B,, E,=B,,,, E;=B,,,, . Finite t-chains are
defined similarly. In other words a t-chain consists of every tth element of a
chain.

LeEmMMA 21. Let all the hypotheses of the theorem be satisfied. Let E,E,, -+, E;
bea t — f1,fs,---chain. Then there are m balls E®,,---,E™T" with pairwise
disjoint interiors such that each of the sequences E,,---,E,, EY) , (j=0,1,--,m—1)
is a finite t — f\,f,,----chain.

Proof. Let B, -*,B; y -1y be a f1,f;,+-chain with E; =B, -, E; =By 4 - 1)-
Define h(Cy,-++, C)) (i=1,--,8) by h(Cy, =, C)) = fis@=-13(B1s **s Bg-1ye
C,Cy, -+, C). Put C; = By 4 -1y = E;. Now let g ..., g™ Dbe the functions
of the theorem, and define CY,-..,C,DY,.-.,DPOLj<m—1) by (24)
and (25). Put E&, = CY,. Then obviously E,,--,E,, EQ,is a t—f,,f,
-chainfor 0 £ j < m — 1, and the m balls EY?, have pairwise disjoint interiors.

LEMMA 22. Let all the hypotheses of the theorem be satisfied. There are
balls C,(i,), C,(iy,i5),++*, defined for digits i; = 0,1,---,m — 1, such that

Cl(il)’ C2(i1’ i2): C3(i1’ i2a i3)3 M

is a t — f1,f5,+--chain for every sequence of digits i,,i,,---, and where for given
k the m* balls C,(i,, -+, i,) have pairwisedisjoint interiors and radius (ap)*.

Proof. Let C,(i,) be any m disjoint balls of radius (af)’. The construction of
C,(iy, i,), C5(iy, i3, i3), - is by induction, using the previous lemma,
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Proof of Theorem 6. Given a sequence of digits i,i,,-- there is a unique
point x = x(iy, i,, -*-) contained in all the balls C,(i, -, i), k =1,2,--- of Lemma
22. Obviously x € S. The set of all points x so obtained will be denoted by S*.

Define a possibly many-valued function f from S* onto the unit-interval
U:0 £ y £1, as follows. Given x € S*, let f(x) consist of all numbers y = 0,i,i, -+
(written in scale m) such that x = x(i, i,,-:+). For a set T < S* let f(T) be the
union of all sets f(x) where xe T. For a general set R define f(R) = f(RNS*).
Now if balls B, (I=1,2,--:) cover S, the sets B, S* cover S¥*, and the sets
f(B) =f(B,NS*) cover U. Hence the exterior Lebesgue measures ji of f(B,)
satisfy

@7 §1 ASBY 2 1.

Let B have radius p, and put
(28) J = [log(2p0™")/(tlogaB)].
For small p, j is positive, and

p <w@p)".
Hence by Lemma 20, B has nonempty intersection with at most two of the balls
C(iy, -+, 1), say with C;(i;(1),-++,i;(1)) and C(i,(2),"*-,i;(2)). f(B) contains only
numbers whose first j digits are either i,(1),---,i,(1) or i,(2),--,i;}(2). Thus f(B)
is contained in two intervals of length m ™/, and ji(f(B)) < 2m ~/
Now suppose the balls B,, B,, --- of radius p, p,, -+ cover S. By (27),

122X mh,
1=1
where j, is defined by a formula like (28). This implies
1 § m % (2w-lp’)logm/|tlogapl .
1=1
We obtain {S}* > 0 with « =logm/ | tlogaf l, and the theorem is proved.

LeMMA 23. Let 28 <1 + af and let S be (a, f)-winning in a Hilbertspace M
of positive dimension. The intersection of S with any ball contains continuum—
many points.

Proof. The proof of Corollary 3 of Theorem 6 shows that this theorem is
applicable with some m > 11 and with CQ,, -, CI[ " disjoint. Under this
assumption the m’ balls Cj(iy,-+,i;) of Lemma 22 will be pairwise disjoint.
One may also require that all the balls C(iy,--,i;), j =1,2,---, be contained
in an arbitrary fixed ball B if one drops the inessential requirement on the radii
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of these balls. The points x(i;,i,,:--) will now be continuum—many distinct
points of S N B.

13. Positional winning strategies.

THEOREM 7. Let S = M be an (¥, ®)-winning set. Then there exists a positional
(&, ®; S)-winning strategy.

Proof. Introduce a well-ordering < into the set Q. Let f;,f,,-:- be an (&, ®;S)-
winning strategy. We are going to define f € F, as follows.

Let BeQ. If B does not occur in any fy,f,,---chain, define f(B) arbitrarily.
Now assume B does occur in f, f,, :---chains

B,B,,:-,B, = B.

Of all the B, which occur in such chains, there is one which is smallest w1th regard
to <. Denote it by B,(B). There are chains

Bl(B),Bz, "’,Bh = B.

Of all the B, which occur in such chains, there is a smallest one, B,(B), and so on.
Now either
(a) there is a k with B,(B) = B. Then

B,(B), -+, B(B)=B

is an f,f,,---chain.

(aa) There is no f;, f,-chain C,,C,,--- where each C; is one of the elements
B,(B), -+, By(B). If for every m there were a finite f,, f,,---chain C,, .-, C,, with
this property, then because of Lemma 1 there would also be an infinite such
chain C,,C,,---. Let B\(B),:--,Bi(B),Cy, -+,C;, be an fi, f,-chain with each C,
among the B,(B), -+, B,(B), such that there is no longer such chain. Set

f(B) = fk+io(Bl(B)’ ""Bk(B)9 Cla Tty Cig)'

If B’ e ®(f(B)), B’ differs from B (B), ---, By(B).

(ab) There is an f,, f,,---chain C,, C,,--- with each C; among B (B),:--, B(B).
In this case [ )f=; «(B{(B)) =[ ).®(C,) = S. Hence «(B) = «(B,(B)) S, and f(B)
can be any element of F(B).

(b) There is no k having B,(B) = B. Then B(B),B,(B),::- is an fi,f,-chain,
and a(B) = ﬂa(B,,) < S. Again f(B) can be arbitrary in F(B).

We are going to show that the functions f,(B,,--,B,) defined by f,(B,,--,B,)
= f(B,) (n=1,2,---) are a winning strategy. Let B, € Q’,

Bn E(S(VV,,_I) (n = 2, 3; "')’

an = f(Bn) (n=1923'")°
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If for some B,, case (ab) or (b) happens, a(B,) < S, and we are through. Thus
for every B,, assume (aa) holds.

Bl(Bn)’ RPY Bk(Bn), Cla Tty Cios n+1
is an f,, f,,---chain, and B, differs from B,(B,), :-+, B(B,).
(29 By(B,+1) <By(B,) (n=12,).

There is an i; where B,(B;,) is smallest with regard to <. By (29), B,(B))
= B((B;,) = B,, say , if i = i,. Now for i> i, B; differs from B,(B;-,) = B,
= B(B;). Thus B,(B;) is defined. There is an i, > i, such that B,(B;,) = B,(B;)
for i = i,. In this fashion one finds i; < i, < --- such that B/(B;) is defined for
i>i,_, and B(B;) = B(B;,) =B, for i i, B;,By, -+ is an f,fs,---chain by
Lemma 1.

o0 a0 -
(N aB)<= «B)<S
i=1 i=1
gives the desired conclusion.
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