SOME HILBERT SPACES OF ENTIRE FUNCTIONS. IV

BY
LOUIS DE BRANGES

Recent work has been concerned with Hilbert spaces whose elements are
entire functions and which have these three properties:

(H1) Whenever F(z) is in the space and has a nonreal zero w, the function
F(z)(z — w)/(z — w) is in the space and has the same norm as F(z).

(H2) Whenever w is a nonreal number, the linear functional defined on
the space by F(z) —» F(w) is continuous.

(H3) Whenever F(z) is in the space, the function F*(z) = F(Z) is in the space
and has the same norm as F(z). If E(z) is an entire function which satisfies the
inequality

(1) |E(Z)| < |E@)]

for y>0 (z=x+iy), we write E(z) = A(z) — iB(z) where A(z) and B(z) are
entire functions which are real for real z and

K(w,z) = [B(2)A(w) — A(2)B(W)]/[n(z—W)].
Let s#(E) be the Hilbert space of entire functions F(z) such that

IF|* = fIF(t)I2 |E@)|"2dt < oo,

with integration on the real axis, and
[FOI < | FIPKG)

for all complex z. Then, #(E) is a Hilbert space of entire functions which satisfies
(H1), (H2), and (H3). For each complex number w, K(w,z) belongs to #(E) as
a function of z and

F(w) = <F(0),K(w,0))

for every F(z) in #(E). As shown in [7], a Hilbert space, whose elements are
entire functions, which satisfies (H1), (H2), and (H3), and which contains a
nonzero element, is equal isometrically to some such J#(E).

Conditions are given in Theorems II and III of [9] that one Hilbert space
of entire functions be contained isometrically in another. These involve matrix
valued entire functions
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(AR BG)
M) = (C<z) D(z) )

whose entries are real for real z and satisfy
A(z)D(z) — B(2)C(z)
Re [A(z)D(z) — B(z)C(2)]
[B@A(z) — A@B()]/(z—2)
[D(z)C(z) — C(2)D(2)]/(z—2)

for all complex z. If E(a,z) and E(b,z) are entire functions which satisfy (1)
and have no real zeros, and if s#(E(a)) is contained isometrically in #(E(b)),
there is a unique matrix valued entire function M(a,b,z), satisfying (2), such
that

(3) (A(b,z),B(b,z)) = (A(a,z),B(a,z))M(a,b,z)

1
1
0,
0

v

(€]

v

v

for all complex z.

TueoreM 1. If E(a, z), E(b,z), and E(c,z) are entire functions which satisfy
(1) and have no real zeros, and if #(E(a)) and #(E(b)) are contained isometric-
ally in S#(E(c)), then either #(E(a)) contains S#(E(b)) or s#(E(b)) contains
H(E(a)).

If p is a non-negative measure on the Borel sets of the real line, conditions
are given by Theorem V of [8] that S#(E) be contained isometrically in L*(u).
One might ask whether the space #(E(c)) of Theorem I can be replaced by *(p).
Although this is not the case in general, as finite dimensional examples will show,
it is in the presence of a suitable growth restriction, for instance if we have func-
tions F(z) of exponential type which satisfy.

@) J A+ )7 log' |F(t)|dt < co.

THEOREM II. Let E(a,z) and E(b, z) be entire functions of exponential type
with no real zeros, which satisfy (1) and (4). Let u be a non-negative measure
on the Borel sets of the real line. If #(E(a)) and #(E(b)) are contained iso-
metrically in I*(u), then either #(E(a)) contains #(E(b)) or #(E(b)) contains
H(E(a)).

Because of (3), Theorem I has implications for the factorization of matrix
valued entire functions satisfying (2).

TueoreM 1II. Let M(a,b,z), M(a,c,z), M(b,d,z), and M(c,d,z) be matrix
valued entire functions which satisfy (2). If

5 M(a,b,z2)M(b,d,z) = M(a,c,z)M(c,d,z)



1962] SOME HILBERT SPACES OF ENTIRE FUNCTIONS. IV 45
for all complex z, then either
M(a,b,z) ~! M(a,c,z) or M(a,c,z) ~* M(a,b,z)
is a matrix valued entire function which satisfies (2).
The conclusion of Theorem II may also be obtained under different hypotheses.

THEOREM 1V. Let E(b,z) and E(c,z) be entire functions which satisfy (1) and
have no real zeros. Let u be a non-negative measure on the Borel sets of the real
line. If #(E(b)) and #(E(c)) are contained isometrically in L2(u) and if the
intersection of 5#(E(b)) and S (E(c)) contains a nonzero element, then either
H#(E(b)) contains £ (E(c)) or #(E(c)) contains 5#(E(b)).

In [10] isometric inclusions of spaces of entire functions were obtained from
first order differential equations. Let

e BO)
()= ( B(1) y(t))

be a matrix valued function of ¢ > 0, where a(?), B(¢), y(¢) are real valued, abso-
lutely continuous functions of ¢ > 0 such that

(6) ()20, ()20, B®H2=a'(®) y'()
ae. for t >0,

@) ling a(t) = 0,

and ~

®) lim [a(?) + ¥(0] = co.

We will also study the special case in which
)] ]'1{13 B(t) = 0 and 1‘1\513 (1t = 0.
A real number b > 0 is said to be singular with respect to m(f) if it belongs to

an open interval (a,c) in which a'(¢), B'(t), y'(t) are equal a.e. to constant
multiples of a single function and

2 = ') y'(@®)

a.e. Otherwise, a number b > 0 is said to be regular with respect to m(t). Let

0 -1
I = ( - ) .
In stating Theorem I of [10], we will suppose that m(?) satisfies (6), (7), and (8),
and that a(f) > 0 for ¢ > 0. Suppose that there exists a family (E(¢,z)) of entire

functions satisfying (1) with no real zeros, such that E(¢,0) =1,¢ >0, such that
for each complex number w, E(t,w) is a continuous function of ¢ >0,
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(10) (A(b,w),B(b,w))I — (A(a,w),B(a,w))l = w fb (A(t,w),B(t,w))dm(t)

whenever 0 <a <b < oo, and
(11) LI\IH) K(a,w,w) = 0.

Then, when a < b are regular points with respect to m(t), S (E(a)) is contained
isometrically in S#(E(b)). If the regular points, with respect to m(t), are unbounded,
there is a unique non-negative measure y on the Borel sets of the real line such
that every #(E(a)), with a regular, is contained isometrically in L?(y). In this
case, the union of the spaces #(E(a)), with a regular, is dense in I?(y). But if
the regular points are unbounded, there is a largest one, call it b. Although there
are many non-negative measures yu on the Borel sets of the real line such that
S (E(b)) is contained isometrically in L2(y), there is a unique one such that

v (|EGDI2du) _ .y [|EGH|ECn| " dt
n) (t—x)2 + y2 o T (t—x)2 + y2

for y > 0. In this case, H#(E(b)) fills L*(u).

The above construction is interesting because of Theorem II of [10]. Let
E(z) be an entire function which satisfies (1) and has no real zeros, such that
E(0) = 1. Let v be a non-negative measure on the Borel sets of the real line such
that #(E) is contained isometrically in I[*(v). Then, there is a matrix valued
function m(t), as above, and there is a corresponding family (E(¢,z)) in which
the function E(z) appears; that is, E(z) = E(b,z) for some regular number b > 0.
Furthermore, the construction can be made so that u coincides with the given
v. As a result, we are in possession of spaces of entire functions contained iso-
metrically in s#(E), and also of spaces containing #(E) but contained isometric-
ally in I2(v). A consequence of Theorems I and IV is that we have obtained all
the spaces associated with #(E) and I*(v) in this way.

THEOREM V. Let m(f) be a matrix valued function of t >0 which satisfies
(6), (7), and (8) with a(t) > 0 for t > 0. We suppose given a corresponding family
(E(t,2)) of entire functions satisfying (1), (10) and (11) with corresponding
measure u. Let b > 0 be regular with respect to m(t) and let E(z) be an entire
function which satisfies (1) and has no real zeros.

(A) If#(E) is contained isometrically in #(E(b)), then #(E) is equal iso-
metrically to#(E(a)) for some regular number a with 0 <a < b.

(B) If#(E) contains #(E(b)) and is contained isometrically in I*(u), then
H(E) is equal isometrically to H#(E(c)) for some regular number c with
b<c< .

In particular, these results apply to the situation of Theorems IV and VIII
of [9], which give a more strongly stated special case of Theorem T of [10]. A
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related construction is given by Theorem VI of [9]. Let m(t) be a matrix valued
function of ¢ = 0 which satisfies (6), (7), and (9). Then, for each complex number
w, there is a unique continuous matrix valued function M(t,w) of =0 such
that

(12) M@w) —1 = w f aM(t,w)dm(t)
0

for a =2 0. For each fixed a = 0, M(a,z) is a matrix valued entire function of z
which satisfies (2) and M(a,0) = 1. Similarly, for each fixed a =0 and each
complex number w, there is a unique continuous matrix valued function M(a,t,w)
of t 2 a such that

(13) M(a,bw)l — 1 = w fbM(a,t,w)dm(t)

whenever b = a. For each fixed a and b, with a < b, M(a,b,z) is a matrix valued
entire function of z which satisfies (2) and M(a,b,0) =1. As in the proof of
Theorem IV of [9], the uniqueness of these constructions implies that

14) M(b,z) = M(a,z) M(a,b,z)

for all complex z, whenever a £ b. The construction is useful because of Theorem
VII of [9]. Let M(z) be a given matrix valued entire function which satisfies (2).
Then, there is some choice of matrix valued function m(t), satisfying (6), (7),
and (9), such that for some b = 0,

M(z) = M(O)M(b,z)

for all complex z, where the family (M(t,z)) corresponds to m(f) by (12). Then,
(14) yields a factorization of M(z) into matrix valued entire functions which
satisfy (2). We will now show that these are the only such factorizations of M(z).

THEOREM VI. Let m(t) be a matrix valued function of t = 0 which satisfies
(6), (7), and (9), and let (M(t,2)) be the corresponding family of matrix valued
entire functions defined by (12). Let b 2 0. If M(z) is a matrix valued entire
function which satisfies (2) and if M(z)" ' M(b,z) also satisfies (2), then

(15) M(z) = M(0) M(a,z)

for some number a with 0 < a < b.

A similar result can be obtained for the construction of Theorem XI of [9].
Let m(t) be a matrix valued function of ¢ = 0 which satisfies (6), (7), (8), and (9)
with a(f) > 0 for ¢ > 0. Let (M(t,z)) be the corresponding family of matrix valued
entire functions defined by (12). Then, the function E(a,z) = A(a,z) — iB(a,z)
satisfies (1) for every a > 0 and has no real zeros. The family (E(t,z)) so defined
satisfies (10) and (11). Let u be the corresponding non-negative measure on the
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Borel sets of the real line, defined as in Theorem I of [10] or the here equivalent
condition of Theorem XI of [9], where it is shown that

~

(16) , (1 + ) Ydu(f) < oo.

As we have said, #(E(a)) is contained isometrically in I?(u) when a is regular.
Furthermore, it is known from Theorem IV of [8] that each E(a,z) has expo-
nential type and satisfies (4). By Theorem XII of [9],if v is a non-negative measure
on the Borel sets of the real line which satisfies (16) and does not vanish identically,
then v = u for some such choice of m(t). Therefore, we know the existence of
spaces of entire functions contained isometrically in the given I*(v). A conse-
quence of Theorem II is that this construction yields the only spaces with the
stated properties.

THEOREM VII. Let m(t) be a matrix valued function of t = 0 which satisfies
6), (1), (8), and (9) with a(t) >0 for t >0. Let (M(t,z)) be the corresponding
family of matrix valued entire functions defined by (12), and let E(t,z) = A(t,z)
—iB(t,z). If E(z) is an entire function of exponential type with no real zeros
which satisfies (1) and (4), and if #(E) is contained isometrically in I?(u), then
H(E) is equal isometrically to 3 (E(a)) for some regular number a > 0.

In applications, it is at times necessary to consider situations similar to those
above except that the axiom (H3) is not satisfied. Only a small amount of ad-
ditional information is needed to handle these cases.

THeoREM VIII. Let E(a,z) and E(b,z) be entire functions which satisfy (1)
and have no real zeros, such that  (E(a)) is contained isometrically in ¢ (E(b)).
Then,

17 T = ylixg y~!log| E(b,iy)/E(a,iy)|

exists and 1=0. If —t<h < 1, then " F(z) is in # (E(b)) whenever F(z) is
in 5 (E(a)).

THEOREM IX. Let E(b,z) be an entire function which satisfies (1) and has
no real zeros. Let # be a closed subspace of #(E(b)) such that F(z)/(z—w)
belongs to # whenever F(z) belongs to 5 and F(w) = 0. If # contains a nonzero
element, then there is a function E(a,z) which satisfies (1) and has no real zeros,
such that #(E(a)) is contained isometrically in 5#(E(b)), and there is a humber
h as in Theorem VIII with this property: an entire function F(z) in # (E(b))
belongs to # if, and only if, e~ F(z) belongs to #(E(a)).

THEOREM X. Let m(¢) be a matrix valued function of t >0 which satisfies
(6), (7), and (8) with corresponding family (E(t,z)) of entire functions which
satisfy (1), (10), and (11). If 0 <a £ b < 0, then
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b
) [ OrO-pOT d = lim v og] EG.iy) E@in)]

Results for spaces of entire functions give information about certain kinds
of integral transforms because of Theorem III of [10]. To avoid the complica-
tions of the general theorem, we will develop a special case which is notationally
easy and yet is still useful for some applications.

THEOREM XI. Let m(t) be a matrix valued function of t >0 which satisfies
(6), (7), and (8) with corresponding family of entire functions satisfying (1),
(10), and (11) and with corresponding measure u. Suppose that there are no
singular points with respect to m(t) and that

19) o' =u@a@®), PO =u@®i@) =), ') = v(t)¥()
a.e. where u(t) and v(t) are measurable functions of t > 0.

(A) If a>0, then
j a[A(t,w) u(t) + B(t,w) v(t)[*dt < oo
(/]

for every complex number w. For each element f(t) of L*(0,00 ) which vanishes
a.e. for t = a, define a corresponding ‘‘eigentransform’ F(z) by

(20) n F(w) = J‘ S [A(@t,w) a(t) + B(t,w) 5(1)] dt
for all complex w. Then, F(z) is an entire function, it belongs to# (E(a)), and
@1) n j |F@) P du() = f 7] d.

Every element G(z) of £ (E(a)) is equal to the eigentransform F(z) of some such
element f(®) of L2(0,0).

(B) Let a >0, let f(t) and g(t) be elements of L*(0,00 ) which vanish a.e. for
t = a, and let F(z) and G(z) be the corresponding eigentransforms. A necessary
and sufficient condition that G(z) = zF(z) for all complex z is that

@) 16) = [9) [ 30 - o0y 7] d
for almost all x and that
’: g@) a(t)dt = 0.
(C) If £(t) is in L*(0,00), the corresponding eigentransform F(x), defined by

7 F(x) = lim f " 10 [A(tx) i(t) + B(t,x) ()] dt,
a-»®0 0
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exists with convergence in the metric of L*(u) and (21) holds. Every element
G(x) of I? () is equal, a.e. with respect to p, to the eigentransform F(x) of an
element f(t) of L*(0,00).

(D) Let f(x) and g(x) be in [*(0,00) and let F(x) and G(x) be the corresponding
eigentransforms in I>(1). A necessary and sufficient condition that G(x) = xF(x)
a.e. with respect to u is that

@3) £ = o(x) L 90 a(t)dt — u(x) f POZOL.

a.e. where [*g(t)5(t)dt denotes the choice of an absolutely continuous function
whose derivative is g(x)o(x) a.e.

Our theorems on spaces of entire functions now have a number of applications
to integral transforms of the form (22), of which the following result is typical.

THeOREM XII. If u(x) and v(x) are functions of x in L*(0,1), satisfy

(24) a@(x)v(x) = o(x)u(x)

a.e. and] are essentially linearly independent when restricted to any subinterval
of (0,1), consider the corresponding bounded linear transformation T of I*(0, 1)
into itself, defined by T:g > f if

1
25) f) = f 0 (8) [u (x)3(0) — v (x) a(t)] dt

for almost all values of x. Let # be a closed subspace of [*(0,1) which is invariant
under T in the sense that Tg belongs to .# whenever g belongs to #. Then,
there is a number a, with 0 < a £ 1, such that # coincides with the set of func-
tions f(x) of L2 (0, 1) which vanish a.e. for x = a.

The same conclusion is available from the work of Kalisch[15] when u(x)
and v(x) satisfy additional smoothness conditions. The particular integral trans-
forms which we study are related to certain kinds of Sturm-Liouville equations.
Let p(x) and r(x) be measurable, real valued functions defined for 0<x <1,
with p(x) >0 and with p(x)-1 and r(x) absolutely integrable. As shown by
Stone [19], there exist absolutely continuous, real valued functions u(x) and
v(x) defined for 0 < x <1 such that

U ) = rx)u)
@X)v'x)" = r(x)v),
PX)u'(x)v(x) — p(x)v'(x)u(x) =1
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in a suitable a.e. interpretation, and these functions may be chosen to satisfy
boundary conditions at the origin. In the presence of boundary conditions at
x =1, the differential equation

gx)==@®f ') +rx)f(x)

is equivalent to the integral equation (25) for functions f(x) and g(x) in I*(0,1).
Theorem XI then gives a version of the eigenfunction expansions obtained by
Kodaira[16] and Titchmarsh[20] for Sturm-Liouville equations. Theorem XII
can be used to give an alternative proof of uniqueness in the inverse Sturm-
Liouville problem studied by Levinson [17]. These results for differential equations
have in fact inspired much of the present work, though it can also be thought
of as a generalization of the theory of orthogonal polynomials which Shohat and
Tamarkin [18] apply to the Hamburger moment problem.

Our proofs will use some properties of the generalized Hilbert transform of
[10], which are best given in matrix notation.

LeMMA 1. If M (z) is a matrix valued entire function of z which satisfies (2),
there is a unique Hilbert space # (M), whose elements are pairs

(65) - F@ 6@

of entire functions with this property: for each complex number w and for each
pair of complex numbers u and v,

M((2)IM(w) -1 (u)

2n(z — w) v

belongs to (M) as a function of z and

u\" (Fw))_ F() M®OIMWw) -1 [u
(26) (v) (G(w))_ <(G(t))’ 2n(t — W) (v) >
for every (F(z),G(2))~ in #(M). If

F(2)\ . . [F(z) = FW)]((z — w)
(G(z)) is in # (M), then ([G(z) — Gz - w))

is in # (M) as a function of z for every complex number w. If (F(z),G,(z))”
and (Fy(2),G,(2)) ™ are in H# (M), then
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F,(W) \™; (F1(w)
2n (G:(W) ) I <Gl ) )
_ F, (0 [F,(® — F,(w)]/(t — w)
@7 =< (Gi (t)) ’ ([Gi 0 - G, (M- »v)) >
_ < <[F1 (- F, (W)]/(t‘w)) Fy (1) >
[Gi() =G W]I(t—w)] * \G.(»)
for all complex w. If (F(2),G(2))~ is in #(M), then (F(2),G(2))~ is in (M)

and has the same norm.

Vertical pairs are necessary in Lemma 1 for the most consistent matrix no-
tation. Since such pairs can be awkward in print, we use the adjoint notation

(';) = (#9)

of [10] to transpose. Property (27) of the generalized Hilbert transform, which
was previously overlooked, has the following consequence.

LeMMA 2. If M(z) is a matrix valued entire function which satisfies (2)
and if u and v are numbers such that (i1,0)” belongs to (M), then @iv = vu.

LemMMA 3. Let M (b,z) be a matrix valued entire function which satisfies (2),
and let u and v be numbers which satisfy v =vu and are not both zero. A
necessary and sufficient condition that (ii,5)” belong to 5#(M (b)) is that

(28) M(b,z) =M(a,z)M(a,b,z2),

where M (a, b, z) is a matrix valued entire function satisfying (2) and
A(a,z) = 1 -z, B(a,z) = az,
C(a,z) = —yz, D(a,z) =1+ Bz,

and «, B,y are real numbers, not all zero, such that
«a=0,y20, f2 =ay, av = Bu, fv =yu.

This lemma is used in obtaining a strengthened version of Theorems II and
III of [9].

LEMMA 4. Let E(a,z) be an entire function which satisfies (1), and let
M(a,b,z) be a matrix valued function which satisfies (2). We suppose that
there are no numbers u and v, not both zero, such that A(a,z)u + B(a,z)v
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belongs to #(E(a)) and (ii,0)" belongs to # (M (a,b)). Then, the entire func-
tions A (b, z) and B(b, z) defined by (3) are real for real z, and E(b,z) = A(b, z)
— iB(b, z) satisfies (1). The space #(E(a)) is contained isometrically in the
space (E (b)). If (F(z), G(z))- is in #(M(a,b)), then A(a,z) F(z2)
+ B (a,z) G(z2) is in H(E(b)), it is orthogonal to #(E(a)), and

(30) [(F®,G0)-|* =2| A(a,) F(t) + B(a, ) G(D ||*.

Every element of s#(E (b)) which is orthogonal to #(E(a)) is uniquely of this
form. If E(a, z) has no real zeros, then neither does E (b, z).

LemMA 5. If E(a,z) and E(b,z) are entire functions which satisfy (1) and
have no real zeros, and if #(E(a)) is contained isometrically in S#(E (b)),
then (3) holds for a unique matrix valued entire function M(a, b, z) as in Lemma 2.

LEMMA 6. Let E(a,z) and E(b,z) be entire functions which satisfy (1) and
have no real zeros, and let #(E(a)) be contained isometrically in ¢ (E(b)).
If F(2) is in #(E(b)) and if L(z) is an element of #(E(b)) orthogonal to
H(E(a)), then there is an entire function f(z) such that

f(W) G(W) = <F (t) G(W) - G(t)F(W) , L(t)>

t—w

for every G(z) in S#(E(a)) and for all complex w. The function f(z) has expo-
nential type and satisfies (4).

The key Lemma 6 is adopted from the ideas of [2] and [3]. Its successful
application depends on information about the modulus of entire functions of
minimal exponential type, given by Heins[14] and stated below first as a lemma
on subharmonic functions.

LeMMA 7. Let u(x + iy) be a non-negative, continuous, subharmonic func-
tion defined in the complex plane and periodic of period 2ni. Let Z be the in-
terior of the set of zeros of this function. If

2xn
0= [ uCe+ipdy

vo

with the positive choice of root and if p(x) is the probability that x + iy not
lie in Z on each vertical line, then Q(x)? is a convex function of

fxexp (f“p(t)'ldt)du

in the region where Q(x) # 0.
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We include a formal proof of the lemma by the Carleman method. Although
the steps are easily justified if u (x + iy) has continuous first and second partial
derivatives in x and y, the general case requires an approximation procedure as
in Heins [14]. A consequence of the lemma is that any two nonconstant entire
functions of minimal exponential type must be simultaneously very large in some
part of the plane.

Lemma 8. If f(z) and g(z) are entire function of minimal exponential type
such that

(31) min(|f(2),|g@ ) =|y|™}
for all complex z, then either f(z) or g(z) vanishes identically.

An apparently stronger assertion now follows by use of the Ahlfors-Heins
theorem.

LemMA 9. If f(z2) and g(z) are entire functions of exponential type which
are real for real z and satisfy (4), and if

(32) 2l +]9@| ™!

for all complex z, then either f(z) or g(z) vanishes identically.

The only other information needed is a variant of Lemma 11 of [9].

LemMA 10. Let E(a,z) and E(b,z) be entire functions which satisfy (1)
and have no real zeros, such that #(E (a)) is contained isometrically in 5#(E (b)).
If F(2) is in S£(E(b)) and if

(33) F(iy) =o0(E(a,i|y]))
as | y| > oo, then F(z) is in #(E(a)).

Proof of Lemma 1. To show the existence of (M), consider first the special
case in which M(z) is a constant. Then, M(z)I M(w) — I vanishes identically
for all choices of w. Property (26) implies that #(M) contains no nonzero ele-
ment. Since the conclusions of the lemma are obvious in this case, we may sup-
pose in the remainder of the proof that M(z) is not a constant.

The construction of #(M) depends on properties of the generalized Hilbert
transform of [10]. The discussion there requires that

(34 A(iy) — iB(iy) = o[yD(iy) + iyC(iy)],
(35) D(iy) + iC(iy) = o[yA(iy) ~ iyB(iy)]
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as y — + oo. These are the corrected statements of conditions (34) and (42) of
[10], where factors of y are inadvertently omitted; both conditions are special
cases of condition (4) of [9]. If (34) and (35) are not fulfilled, it is always possible
to make a change of variable. For any fixed real number «, the matrix valued

entire function
cosa sina
MJ(z) = . M(z
2 (—-smoc cosa ) @

satisfies (2). The definitions imply that

F(z) N cosa sina F(z)

G(2) —sina  cosa G(2)
is a linear isometric transformation of#(M) ontos#(M,). If one of these spaces
can be constructed, the other is obtained by a rotation of coordinates. The re-
quired properties of the spaces are easily seen to be preserved under this trans-

formation. Suppose that one condition, say (35), is not satisfied by M(z). The
hypothesis (2) implies that

f(z) = [A(z) - iB)] '[D(z) + iC(z)]

is defined and analytic for y >0 and that Re f(z) = 0. By the Poisson repre-
sentation of a function positive and harmonic in a half-plane, there is a number
a 2 0 such that

. y [ Re f(¢) dt
Ref(x +iy) = ay + - (t_—7)7+—y2

for y > 0. By the Lebesgue dominated convergence theorem,

a= lim y 'Ref(x+iy).

Y- +x
If M(z) does not satisfy (35), then a > 0 and
A(iy) — iB(iy) = o[D(iy) + iC(iy)].

Since
Afz) — iB(z) = cosa [A(z) — iB(z)] —i sina [D(z) + iC(2)],
D,(2) + iC(z) = —isina[A(z) — iB(z)] + cosa[D(z) + iC(z)],
we have

Jlim [4,(iy) — iB(i)]™' [Du(iy) + iC(iy)] = icota.

Therefore, M,(z) satisfies (34) and (35) if « is not an integral multiple of 7/2.
A similar argument applies to the reciprocal of f(z) if (34) is not satisfied. To
avoid complications of terminology, we will suppose for the construction of
(M) that M(z) satisfies (34) and (35).
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Because of (2), the function A(z) — iB(z) has no zeros for y = 0 and satisfies
the inequality

|A(z) — iB(3)| < |A(z) —iB(2)|
for y >0, which implies that
|[4(2) ~iB@] ' [4(2) + iB@)]| < 1
for y > 0. By the representation of functions analytic in a half-plane, Boas [1,
p. 92], these inequalities are strict unless [A(z) —iB(z)]” '[4(z) + iB(z)] is a
constant of absolute value 1. Therefore, A(z) — iB(z) has no zeros if it does not

satisfy (1). By Theorem IV of [8], the hypothesis (2) implies that A(z) — iB(z)
has exponential type and satisfies (4). If this function has no zeros,

A(z) — iB(z) = [A(0) — iB(0)] exp (iaz)
where a is a constant which is real because of (4). Since
[4(2) — iB(2)] " [A(2) + iB(z)] = [A(0) — iB(0)]™'[4(0) + iB(0)] e~ *'**

is a constant of A(z) — iB(z) does not satisfy (1), a = 0 in this case and A(z) — iB(z)
is a constant. We will now show that D(z) + iC(z) is a constant in this case.
By Theorem IV of [8], this function has exponential type and satisfies (4). By
Boas [1, p. 97], its indicator diagram is a vertical line segment. The hypothesis
(2) implies that

| D(2) + iC(2)| £ |D(2) +iC(2)|

for y > 0. Therefore, (35) implies that

D(iy) + iC(iy) = o(|y|)

as |y| - oo, and the function D(z) + iC(z) has minimal exponential type. By
Boas [1, p. 83], these estimates on the imaginary axis make D(z) + iC(z) a con-
stant. We have shown that the function A(z) — iB(z) satisfies (1) unless M(z) is
a constant. A similar argument using (34) will show that D(z) + iC(z) satisfies
(1) unless M(z) is a constant. Since the case in which M(z) is a constant has
already been treated, we must suppose that A(z) — iB(z) and D(z) + iC(z)
satisfy (1).

Theorem IX of [10] is now applicable because of (34). For every complex
number w,

1 — A(z) D(w) + B(z) C(w)

n(z — W)

belongs to s#(A — iB) as a function of z. If F(z) is in (A — iB), the corre-
sponding entire function G(z), defined by
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1 —A(t)D(w) + B(t)C(w) >
A-iB

n(t— w)

(36) G(w) = CF@),

for all complex w, belongs to (D + iC) and

(37) "F"A—iB = "G||D+iC

Because of (35), we may apply Theorem IX of [10] with A(z) — iB(z) and
D(z) + iC(z) interchanged. For every complex number w,

1 — D(2)A(w) + C(2)B(w)

n(z— W)

belongs to ##(D + iC) as a function of z. If G(z) is in s#(D + iC), the corre-
sponding entire function F(z) defined by

— D(HA(w) + C(H)B(w) >
7t — W) D+ic

(38) Fow) = — <60, -

for all complex w, belongs to s#(A — iB), and (37) holds. Although the equi-
valence of (36) and (38) is not explicit in [10], it is a consequence of Theorem X
there. Let 5 (M) be the Hilbert space of such pairs (F(z), G(z))~ with

IFO.6N 7[5 = [FO)i-is + GO [Zric -

Property (26) follows from this definition by a straightforward substitution. By
Theorem XI of [10], difference quotients do belong to # (M), which is closed
under the stated conjugation. If

(o) = “a=w (o)

i=1,2, where u;,v;, w; are complex numbers, formula (27) follows from (26)
using (2). The general case of (27) follows by linearity and continuity since finite
linear combinations of these functions are dense in s#(M) as a result of (26).

This completes the proof of existence of a space #(M) with the stated pro-
perty. Uniqueness is a consequence of (26) by standard arguments. For if two
spaces J#;(M) and 5,(M) have this property,

M(2)IM(w) — I (u)

2n(z — W) v

belongs to each space for every choice of complex numbers u, v, and w. There-
fore, the finite linear combinations of such functions are common to both spaces.
A short calculation from (26) will show that such combinations have the same
norm in each space. Since such combinations are dense in each space as a result
of (26), we can now easily show by approximation that 5#](M) and #,(M) are
isometrically equal.
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Proof of Lemma 2. Let F,(z) =F,(z) =u and G,(z) = G,(z) =v in (27),
which then reads ou — o =0.

Proof of Lemma 3, the necessity. By hypothesis, (#,0)° belongs to s#(M(b)).
By multiplying 4 and v by a constant, we may suppose with no loss of generality
that it has norm 1. Let

o =2nui, f=2nuv =2nva, y=2n00.

The matrix valued entire function M(a,z), defined as in the statement of the lemma,
is easily verified to satisfy (2), and (#,0)” is an element of norm 1 ins#(M(a))
which spans this space. Therefore, 5#°(M(a)) is contained isometrically in 5#(M(b)).
It follows from (26) in these two spaces that for every choice of complex num-
bers u, v, and w,

M(b,z) IM(b,w) — M(a,z)IM(a,w) [u
2n(z — W) ( v )

belongs to s#(M(b)) as a function of z and is orthogonal to s#(M(a)). If
(F(z),G(z))- is in #(M(b)) and is orthogonal to 5#(M(a)), then

u\~ (Fw))\ _ F()\ M(b,0)IM(b,w)—M(a,t)IM(a,w) (u
@ (3) (om) =<0 ) 20— ) (%)
In particular, we obtain the inequality

( u )_ M(b,w)IM(b,w) — M(a,w)IM(a,w) ( u )

v 2a(w — W) v
M(b,t) I M(b,w) — M(a,t)I M(a,w) [u\ |32
=ll 2n(t — w) (v) z 0.

Because of (2), M(a,b,z) = M(a,z) "'M(b,z) is a well-defined matrix valued
entire function whose entries are real for real z. We have seen that

ul\~ M(a,b,w)IM(a,b,w) — I _ u
( 0 ) M(a,w) 270w — W) M(a,w) ( 0 )g 0

for every choice of numbers u and v. Since M(a,w) is an invertible matrix, we
obtain the matrix inequality
M(a,b,w) I M(a,b,w) — I
2n(x — W)

for all complex w. A short calculation will show that this inequality implies (2)
for M(a,b,z), since the entries of this matrix are real for real z. This completes
the proof of necessity for Lemma 3, but additional properties of the construction
are required for the proof of sufficiency. If (F(z),G(z))” is in 2#(M(a,b)), then
M(a,z)(F(z),G(2))” is in H#(M(b)),is orthogonal to #(M(a)), and has the same
norm as (F(z), G(z)) . When (F(z),G(z))  is a finite linear combination of func-
tions of the form

v

0
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M(a,b,2) I M(a,b,w) — I _ u
2n(z — W) M(a,w) ( v ) ’

this fact is easily verified from (39) using the identity (26) in the space £ (M(a,b)).

The general case follows by linearity and continuity since such combinations are
dense in S#(M(a,b)) as a result of (26). It is not hard to show from (39) that

the transformation
F(2) F(z)
(6 ) = M@ (G3)

takes s (M(a,b)) onto the orthogonal complement of s#(M(a)) in #(M(b)). What
is needed later is that (%,5)” does not belong to s#(M(a,b)). For if this were true
(#,0)” = M(a,z)(@1,6)" would belong to the orthogonal complement in s#(M(b))
of £ (M(a)). This is not the case since (#,7) ~ belongs tos#(M(a)) by construction
and is not zero by hypothesis.

Proof of Lemma 3, the sufficiency. By the proof of necessity, we may write
M(a,b,z) = M(a,c,z) M(c,b,z), where M(c,b,z) is a matrix valued entire function
which satisfies (2) and (#,5) ~ does not belong to #(M(c,b)), and where M(a,c,z)
is defined by

Aa,c,z) = 1-B,z, B(a,c,z) = oz,

1+ ﬂlz,

C(a,c,2) = — 9.z, D(a,c,z)

using real numbers «,, 8,7, which satisfy (29). Then,
M(b,z) = M(c,z2)M(c,b,z)

where
M(c,z) = M(a,c)Ma,c,z)
and
A(e,z) = 1= B,z, B(c,z) = a,z,
C(C,Z) = — 722, D(C,Z) = 1+ﬂ229
and

wy=a+a, By=B+pBi v2=7+71

are real numbers which satisfy (29). Since «, §,y are not all zero by hypothesis,
the numbers a,, f,,7, are not all zero. As in the proof of necessity, (#,5)” be-
longs to ##(M(c)) and spans this space. On the other hand, (%,9)” is not in
H#(M(c,b)) and is not of the form M(c,z)(F(z),G(z))~ with (F(z),G(z))~ in
H(M(c,b)) since this would imply F(z) = u and G(z) = v. Let 5# be the Hilbert

space of pairs
(12) = #e9 (e )
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where 4 is complex and (F(z),G(z))- is in #(M(c,b)), using the norm
. o )| = 100 )+ (G0 )1
+ M(c,t =
H ( Av ) (@) (G(‘) Av [l G(1) / limep)
The definition is unambiguous by what has been said about the location of (i,5)~.
A short calculation using (26) in3#(M(c)) and in #(M(c,b)) will show that (26)

holds in 5# with M(z) = M(b,z). By Lemma 1, 5# is equal isometrically to #(M(b)),
which therefore contains (#&,9)” .

Proof of Lemma 4. The isometric inclusion of s#(E(a)) in S#(E(b)) will be
proved using Theorem II of [9]. Since (3) holds, we need only show that condition
(4) of [9] holds, or the equivalent condition given by Lemma 8 of [9], if u and
v are numbers such that A(a,z)u + B(a,z)v belongs to #°(E(a)). By Theorem I
of [9], we have #wv =du in this case, and the desired conclusion follows from
Lemma 3 since (#,5)” does not belong to s#(M(a,b)) by hypothesis. The proof
of (30) is easiest when (F(z),G(z))” is a finite linear combination of functions
of the form

(40)

M(a,b,z)I M(a,bw) — 1 [A(a,w)
R(Z - W) (B(aaw))

for

(A(a,2), B(a,2))

M(a,b,z) I M(a,bw) — I (A(a,w)
n(z — W) (B(G,W))

= K(b,w,z) — K(a,w,z)

belongs to s#(E(b)) and is orthogonal to 5#(E(a)) by the isometric property of
the inclusion. In this case, formula (30) may be verified using (26). The general
case of (30) follows by linearity and continuity once it is shown that finite linear
combinations of functions of the form (40) are dense in s#(M(a,b)). In other
words, it must be shown that an element (F(z), G(z))~ of #(M(a,b)), which is
orthogonal to all such combinations, vanishes identically. Because of (26), we
have A(a,z) F(z) + B(a,z) G(z) =0 identically in this case. For every complex
number w,

( [F(z) - FW)]/(z = w) )
[G(2) —Gw)]/(z = w)

belongs to 5#(M(a,b)) as a function of z by Lemma 1. By what we have already
shown,
F (Z) F(W) G(Z) G(w)

- w

A(a,2) + B(a,2)

belongs to s#(E(b)) and is orthogonal to s#(E(a)). Since this function may be
written in the form K(a,w,z) where
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¢ =nF(w)/B(a,w) = — nG(w) [ A(a,w),

it also belongs to s#(E(a)), and hence vanishes identically. In other words,
A(a,z) F(w) + B(a,z) G(w) = 0 for all complex z and w, and we may conclude
that F(z) and G(z) vanish identically since E(a,z) satisfies (1).

It remains to show that the transformation

(F(2),G(z))~ - A(a,2)F(2) + B(a,2) G(2)

takes 5#(M(a,b)) onto the orthogonal complement of #(E(a)) in 5#(E(b)). Since
this transformation satisfies (30), its range is closed. It is sufficient to show that
an element L(z) of s#(E(b)) which is orthogonal to s#(E(a)) and to the range of
the transformation vanishes identically. Since K(b,w,z) — K(a,w,z) is known to
be in the range for every complex number w,

L(w) = ( L(t), K(a,w,t))> + (L(t),K(b,w,t) — K(a,w,t)) =0.

The function L(z) vanishes identically by the arbitrariness of w. If E(a,z) has
no real zeros, K(a,w,w) >0 for all real w. Since K(b,w,w) = K(a,w,w,), as shown
in the proof of Theorem VII of [8], it follows that K(b,w,w) > 0 and that E(b,z)
has no real zeros.

Proof of Lemma 5. The lemma follows from Theorem III of [9] since con-
dition (4) of [9] is equivalent, via Lemma 8 of [9] and the present Lemma 3,
to the requirement that (&,5)” not belong to 5#(M(a,b)).

Proof of Lemma 6. Since 5#(E(a)) is contained in S£(E(b)), F(z) G(w)— G(z)F(w)
belongs to S#(E(b)) as a function of z for every complex number w. Since this
function vanishes when z =w and since E(b,z) has no real zeros,

[F(z) G(w) — G(z) FW)]/(z — W)
belongs to S (E(b)). We may write
F(2) = F{(2) + Fy(2),

where F,(z) is in 5#(E(a)) and F,(z) is orthogonal to J# (E(a)). The above argument
will show that [F(z) G(w) — G(z) Fy(w)]/(z — w) belongs to 5#(E(a)), since
E(a,z) has no real zeros by hypothesis. Since L(z) is assumed orthogonal to
S#(E(a)), it is sufficient to prove the lemma in the case that F(z) = F,(z) is ortho-
gonal to # (E(a)). By Lemmas 4 and 5, we may write

F(z) = A(a,z) P(z) + B(a,z)Q(z),
where (P(z),0(z))~ is in #(M(a,b)). Furthermore, we know from Lemma 1 that

( [P(z) — P(W)]/(z — W) )
[Q@@) -2/ (z —w)
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belongs to 5#(M(a,b)) as a function of z for every complex number w. By Lemma 4,

Aa) PO PO | ) 00— O)
is in S#(E(b)) and is orthogonal tos# (E(a)). Since

F(z)G(w) — G(z) F(w)
zZ—Ww

P(z) — P(w)
-w

=[A()

+ B(a,z) 93)7:—3—@] G(w)

+ [ A(a,z) G(w) — G(2) A(a,w)

zZ—Ww

] P(w)

o(w),

+ [ B(a,z) G(w) — G(z) B(a,w) ]

zZ—w
where the last two terms on the right are in S#(E(a)),

<F(t) G(w) — G(f) F(w) 10>

t—w

Therefore, the desired entire function f(z) exists and
5o = {a@nTOZI 4 gy Q=0

for all complex w. By Lemma 4 we may write

L(z) = A(a,z) R(z) + B(a,z) S(2),
where (R(z),8(z))" is in ¥ (M(a,b)) and

[P(t) — PW)]/(t — w) ) (R(t) )

41 2f(w) = s
@D 10 = < ( fow - oomire—m ) * (s0)>
for all complex w. By Theorem IV of [8], the property (2) of M(a,b,z) implies
that the entire entries of this matrix have exponential type and satisfy (4). An
estimate from (26) using the Schwarz inequality will show that P(z) and Q(z)
have exponential type and satisfy (4). By the proof of Lemma 1, 5#(M(a,b))
inner products can be evaluated as integrals along the real axis with respect to

a suitable measure. Estimates from (41), similar to those for the lemma of [2],
will now show that f(z) has exponential type and satisfies (4).
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Formal proof of Lemma 7. From the definition of Q(x), we have

2n
0w 0@ = [ ute+i) Zr x4 ) dy,
2z
02 + 0 Q') = [ * gt in) g G indy

2r . azu ) d
+ J; u(x + ly):_)-x—2 (x + iy) dy,

where by the Schwarz inequality

0w Q' 5 06 [ © g e+ 1) G+ )y

Since
02u 0%u

0%u ., 0%u NS
6x2(x +iy) + 6y2(x +iy) =20

because u(x + iy) is subharmonic,

2=

0)0"() 2 - fo u(x + i) g; (x + iy)

2 Bu ou
— (x+iy)=— (x+iy d
. ay( y)ay (x +iy) dy

v

on integration by parts. If an absolutely continuous function f(x) of real x van-
ishes outside of a finite interval (a,b) and has a square integrable derivative, then

n2f|f(t)|2dt < (b-ap| |f'@|2at.

For each fixed x, u(x + iy) vanishes outside of a union of y-intervals whose
total length is 27 p(x) in each period. Application of this inequality on vertical
line segments yields

2= .2 2 2z au . au .
u(x+iy)*dy £ 4p(x) —(x + iy) =— (x + iy) dy.
0 o Oy dy

Therefore, Q"(x) = 47" p(x) 2 Q(x), and
[2Q'X] 2 2'(®)* + 47'p(x)7%Q(x)* = p(x)7'QX)Q’(x),

from which the lemma follows.
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Proof of Lemma 8. If
+ +
u,(z) =log |f(expz)| , uy(z) =log |g(expz)|,

then each u(x + iy) satisfies the hypotheses of Lemma 7. Let Q,(x) and py(x)
be the corresponding quantities as in the statement of the lemma. Because of
(31), either u, (x + iy) =0 or uy(x + iy) =0 whenever |siny| 2 exp(—x), from
which it follows that
P +py(x) S 1+e77
and that
i)™+ pa(x) T 2 deF(e+ ).

Now argue by contradiction, supposing that neither f(z) nor g(z) is a constant.
By Liouville’s theorem, Q,(x) and Q,(x) are unboundedly large on the right.
As a result of Lemma 7, there is a number k > 0 for which the inequalities

0(%)* 2 2k f “exp fo ()™ dt) du,

i =1,2, hold when x = a is sufficiently large. By the convexity of the exponential
function

0, + Q:(x)
> 4k j exp (3 fo D)7t + L " pa()"1di) du

> 4k f exp (2 f (' + 1)'1e‘dt)du
(1]

o
>k J' (" + 1)%du
0

when x = a. It follows that
lim inf e™#*[Q,(x)* + Q,(x)*] = 3k > 0
in contradiction of the minimal type hypotheses in the form
lim sup e™™ Q(x) = O,

i =1,2. To get out of this dilemma, we must grant that one function, say g(z),
is a constant. If g(z) is not zero, then (31) implies that f(z) goes to zero at both
ends of the imaginary axis and so vanishes identically by Boas [1, p. 83].

Proof of Lemma 9. If f(z) and g(z) are of minimal exponential type, the lemma
follows from Lemma 8 after a change of variable. Otherwise, one function, say
f(2), has positive type 7. By the Ahlfors-Heins theorem, Boas [1, p. 116],

limr~'log|f(re®) | = |sin6)|
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holds as r — co for almost all §. We use this deep fact only to conclude that
lim f(re)™! =0

holds as r — oo for almost all 8, from which our hypothesis (32) now implies that
lim g(re®) = 0

holds as r — co for almost all 6. Since g(z) has exponential type for hypothesis,
the Phragmen-Lindelsf principle, Boas [1, p. 3], applies for angles less than =.
With several applications of it, we find that g(z) remains bounded in the complex
plane. By Liouville’s theorem, g(z) is a constant, which is zero by the last limit.

Proof of Lemma 10. If L(z) is an element of s#°(E(b)) orthogonal to s#(E(a)),
the corresponding entire function f(z), given by Lemma 6, has exponential type
and satisfies (4). By the Schwarz inequality,

V@6@| = y| " IIF] [6@]+[ 6] [F@N | L]

holds for all complex z. Since we may choose G(z) = K(a,w,z) where w is any
complex number, we have

/@] < [y|T'UF] + K@z ™| F@)[1 L]

for all complex z. Since (33) holds by hypothesis, f(z) goes to zero at both ends
of the imaginary axis. Since the indicator diagram of f(z) is a vertical line segment
because of (4), this function has minimal exponential type and vanishes identi-
cally by Boas [1, p. 83]. By the arbitrariness of L(z), the expression

[F(2)G(w) — G(2) FW)] [ (z — W)

belongs to s#(E(a)) as a function of z for every complex number w. As in the
proof of Lemma 11 of [9], the hypothesis (33) now implies that F(z) belongs
to #(E(a)).

Proof of Theorem I. If F(z)is in 5 (E(a)) and if G(z) is in S#(E(b)), the function
[F(z) G(w) — G(z) F(w)]/(z — w) is in o (E(c)) since E(c,z) has no real zeros.
We will show that it must belong either to s#(E(a)) or to s#(E(b)). In doing so,
we can suppose that neither F(z) nor G(z) vanishes identically, since the con-
clusion is obvious in that case. If L(z) is in 5#(E(c)) and is orthogonal to S#(E(a)),
and if T(z) is in #(E(c)) and is orthogonal to s#(E(b)), consider the functions
f(z) and g(z) defined as in Lemma 6 so that

o9) FOw) < G(t)F(w)t: 50) G(W), L(t)>
(42) F()G(w) — G() F(w) ’
fmew = < = T0)
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for all complex w. The Schwarz inequality yields estimates
l9@F@| = [y UGIIF@] + | FlI6@(T L],
V@6@| = | FII6@] + [GlHF@N T,
which imply that
Iyl = lel 1Ll le@I™" + [F[ [ T] IF@]™

for all complex z, if L(z) and T(z) do not vanish identically. By Lemma 6, f(z)
and g(z) are entire functions of exponential type which satisfy (4). If they are real
for real z, we may conclude from Lemma 9 that either f(z) or g(z) vanishes
identically. This is the case if F(z), G(z), L(z), and T(z) are all real for real z,
and the general case is easily reduced to this one using (H3). By the arbritari-
ness of L(z) and T(z), [F(z) G(w) — G(z) F(w)]/(z — w) belongs to #(E(a)) as
a function of z for all complex w, or it belongs to s#(E(b)) as a function of z
for all complex w, whenever F(z) is in#’(E(a)) and G(z) is in 3¢ (E(b)). Further-
more, it is clear from the proof that one of the spaces, eithers#’(E(a)) or#(E(b)),
must contain all such functions [F(z) G(w) — G(z) F(w)]/(z — w). For definiteness
let us suppose it is H#(E(a)).

If g(z) is an element of S#(E(b)) whose product by z is in S#(E(b)), we have
[F(z)wG(w) — zG(z) F(w)] | (z — w) in 5 (E(a)) for every F(z) in #(E(a)) and
every complex number w. Since E(a,z) has no real zeros by hypothesis, such a
choice of F(z) is possible with F(0) =1. When w =0, we find that G(z) is in
H#(E(a)). If such elements G(z) are dense in s#(E(b)), we may conclude immed-
iately that S#(E(b)) is contained in #(E(a)). Otherwise, let Gy(z) be the choice
of an element of norm 1 ins# (E(b)) which is orthogonal to the domain of mul-
tiplication by z in this space. By Theorem I of [9], G(z) spans the ‘orthogonal
complement of this domain. Therefore, the orthogonal complement of Gy(z) in
# (E(b)) is contained in S (E(a)). If Gy(z) belongs to £ (E(a)), then S#£(E(b)) is
contained in #(E(a)). We must still study the case in which Gy(z) does not be-
long tos# (E(a)).

Let us write Go(z) = [Go(2) — S(z)] + S(z), where Go(z) — S(z) is in #(E(a))
and S(z) is orthogonal tos#(E(a)). We have seen that

[F(2)Go(w) — Go(2)F(W)]/(z — w)

belongs to #(E(a)) for every F(z) in s#(E(a)) and every complex number w.
Since E(a, z) has no real zeros by hypothesis, the same is true if Gy(2) is
replaced by any element of S (E(a)). It follows that [F(z) S(w) — S(z) F(w)]/(z—w)
belongs to 5 (E(a)) for every F(z) in 5 (E(a)) and every complex number w.
The argument of [9, p. 132] will now show that there exist complex numbers u
and v such that S(z) = 4A(a,z)u + B(a,z)v for all complex z. Furthermore, these
numbers satisfy #iv = ou and are not zero both. The space #°(E(b)) is contained

IA

IIA
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in the closed span of S(z) and 5#(E(a)), and this span is itself a Hilbert space of
entire functions satisfying (H1), (H2), and (H3). By the theorem of [7], there is
an entire function E(z) which satisfies (1) and such that this closed span is equal
isometrically to 5# (E). The function E(z) can have no real zeros since #(E) con-
tains ##(E(a)) isometrically and E(a, z) has no real zeros by hypothesis. In order
to avoid new notation, let us simply suppose for the rest of the proof that
E(c,z) coincides with E(z).
If F(2) is in 5 (E(a)) and if G(2) is in S#£(Eb)), the function

zG(z)F(w)— F(2)wG(w) —G@)F(W) + wG(z)F(w) —F(2)G(w)
zZ—w zZ—w

belongs to S#(E(c)) as a function of z for every complex number w. Since S(z)
is orthogonal to #(E(a)) and since [G(z) F(w) — F(z) G(w)]/(z — w) is known
to be in S (E(a)),

<tG(t)F(W) —FO®GW) 5@ =Fm{G1,50>

t—w

for all complex w, where we can have (G(f),S(f)) =1 if G(z) is suitably
chosen. In this case, we have

G(iy) ' F(iy) =o(y]

as | y| — o0, by the Lebesgue dominated convergence theorem. If T(z) is in
H#(E.(c))-and is orthogonal to S#(E (b)), we have seen that (42) holds for an entire
function f(z) of exponential type which satisfies (4) and

@I ENITI+yTI6@T F@LIGIT]-

Since f(z) goes to zero at both ends of the imaginary axis, it has minimal ex-
ponential type by Boas[1, p.97] and vanishes identically by Boas[1, p.83]. By the
arbitrariness of T(z), the expression [F(z)G(w) — G(z)F(w)]/(z — w) belongs
to S#(E (b)) as a function of z for every complex number w. In our derivation
of this fact, we supposed that ( G(¢),S(¢)) =1, but this hypothesis can now be
removed by linearity.

If F(z) is an element of S#(E(a)) whose product by z is in J#(E(a)), then
F(z) must belong to s#(E (b)) by an argument already used above with a and b
interchanged. If such elements are dense in S#(E(a)), the inclusion of #(E(a))
in S#(E (b)) follows. Otherwise, let Fyo(z) be an element of norm 1 in S#(E(a))
which is orthogonal to the domain of multiplication by z in this space. By Theo-
rem I of [9], we can conclude that the orthogonal complement of F(z) in 5#(E (a))
is contained in S#(E(b)). If Fy(z) belongs to #°(E(b)), then certainly S#(E(a))
is contained in S#(E (b)). Otherwise (and we shall see this impossible) the ortho-
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gonal complement of F(z) in #(E(a)) coincides with the intersection of S#(E (a))
and #(E(b)). Since [Fo(z)Go(w) — Go(z) Fo(w)]/(z — w) is known to belong to
this intersection, which is orthogonal to both Fy(z) and G,(z), we have

Fo(£)Go(w) — Go(t) Fo(w) r

t—w
= 2Re i CFo(t)Go (W) = Go(1) Fo(w),

i — w) v

Fo(1) Go(w) — Go(D) F, o(W)> =0
t—w

and hence Fy(z) Go(W) —Go(z) Fo(w) vanishes identically if w is not real. It
follows that J#(E(a)) coincides with S#(E (b)), a case which has already been
discarded in our presentation of the argument.

Proof of Theorem 1I. The proof is formally the same as for Theorem I
except that inner products are taken in I*(u) instead of s#(E(c)). The entire
functions L(z) and T(z) must be replaced by measurable functions L(x) and
T(x) in L?(u). The only new verification to be made is that the conclusion of
Lemma 6 holds. For instance, if F(z) is in #(E (b)) and if L(x) is an element of
I? (p) orthogonal to #(E(a)), we must show that there is an entire function
f(2) such that

s = [ FOSDZSOF® 1)

for every G(z) ins# (E(a)) and all complex w, and that f(z) so defined has ex-
ponential type and satisfies (4). The existence of f(z) follows from the identity

Gl(w)j F(t) G2 (M;)——WGZ (I)F(W) L (t) dﬂ (t)

= G,(w) j FOGM = SOFD £ () dpn,
which holds whenever G,(z) and G,(z) are in S#(E(a)) because

[G1(2)G,(w)— G,(2) G, W]z —w)

belong to #°(E(a)) as a function of z for all choices of w. Simple estimates
show that f(z) is entire because F(z) and G(z) are entire by context and because
the integrals are absolutely convergent by the Schwarz inequality. Since F(z)
and G(z) are of exponential type and satisfy (4) as a result of the hypotheses on
E(a,z) and E(b,z), the function f(z) G(z) has exponential type and satisfies (4)
by the proof of the lemma of [2]. Since G(z) has exponential type and satisfies
(4), the same follows for f(z) using the representation theorem of Boas[1, p. 92].
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Proof of Theorem III. Since M(a,b,z) and M(b,d,z) are matrix valued
entire functions which satisfy (2) by hypothesis, M(a,d,z) = M(a, b,z) M(b,d,z)
is a matrix valued entire function which satisfies (2). Let u and v be complex
numbers, not both zero, such that #v = ou. If there exist complex numbers u,
and v,, not both zero, such that (i7,,7,)~ belongs to#(M (a,d)), choose u and v
so that uv, # u,v. By Lemma 2, (i7,9)~ cannot then belong to s#(M(a,d)). The
function E(a,z) =1 — nuvz — inuaz satisfies (1), and u = A(a,z)u + B(a,z)v
is an element of norm 1 in 5#(E (a) ) which spans this space. If A(d, z) and B(d, z)
are the entire functions defined by

(4(d,2), B(d,2)) = (4(a,2), B(a,2)) M(a,d, 2),

they are real for for real z, and E(d, z) = A(d, z) — iB(d, z) satisfies (1) by Lemma
4. The space s#(E(a)) is contained isometrically in the space s#(E(d)). Since
(#,7)~ does not belong to s#(M(a,d)) by construction, it does not belong to
#'(M(a,b)) by Lemma 3. The entire functions A(b,z) and B(b,z), defined by
(3), are real for real z, and E(b, z) = A(b, z) — iB(b, z) satisfies (1). By Lemma 4,
H#(E(a)) is contained isometrically in 5##(E(b)). By this construction, we have

(4(d, 2), B(d, 2)) = (A(b, 2), B(b, 2)) M(b, d, 2)

for all complex z, but we cannot conclude that #(E(b)) is contained isometrically
in £ (E(d)) as there may be numbers u, and v,, not both zero, such that (i1,,7,)~
belongs to #°(M(b,d)) and A(b, z)u, + B(b,z)v, belongs to S#(E(b)). By Lemma
2, we then have i,v, = 9,u,. By Lemma 3, we may write

M(b,d,z) = Mb,b ,,z)M(b,,d,z2),
where M(b,,d, z) is a matrix valued entire function which satisfies (2) and
A(b,b,,z) =1—B,z, B(b,b,,2) = a,z,
C(b,b,,2) = —v,z, D(b,b,,z) =1+ B,z,
where «,, f,,7, are real numbers, not all zero, such that
%,20,7,20, p3 = WYz, 003 =Pouy, Pav; =Pyus.

As in the proof of the lemma, we make the construction in such a way that
(#13,9,)~ does not belong to S#(M(b,,d)). The entire functions A(b,,z) and
B(b,,z), defined by

(A(b+,2),B(b+, Z)) = (A(ba Z), B(b’ z))M(b,b+,z),

are real for real z, and E(b,,z) = A(b,,z), — iB(b,,z) satisfies (1). The space
H#(E(b)) coincides with #(E(b,)) as a set, and

A(b,z)uy + B(b,z)v, = A(b,,z)u, + B(b,,2)v,
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has a smaller norm in the second of these spaces. The orthogonal complement
# of this function in the first space coincides isometrically with the orthogonal
complement of the same function in the second space. By this construction,
we have

(A(d, 2),B(d, z)) = (A(b+,2), B(bs,2)) M(b.,,d, z)

for all complex z. If u; and v; are complex numbers such that (i;,95)~ belongs
to #(M(b,,d)), then #;v; = v3u; by Lemma 2 and u5v, # viu, by the choice
of M(b,,d,z). Since A(b,,z)u, + B(b,,z)v, belongs to #(E(b,)) by construc-
tion, A(b,,z)us + B(b,,z)vy does not belong to #(E(b,)) unless both u; and
v; are zero, by Lemma 7 of [7]. By Lemma 4, 5 (E(b.)) is contained isometri-
cally in S#(E(d)). Since M(a, b,z) and M(b,b,,z) are matrix valued entire func-
tions which satisfy (2), so is

M(a’ b+9 Z) = M(a’ b, Z) M(b’ b+’ Z).
Since M(a,d,z) = M(a, b, z) M(b,,d, ),
where (#,7)~ does not belong to #(M(a,d)) by construction, we may conclude
that (i7,9)~ does not belong to s#(Ma,b,)) by Lemma 3. Since

(A(b+’ Z), B(b+’ Z)) = (A(a’ Z), B(a’ z))M(a, b+ H Z)’

JH#(E(a)) is contained isometrically in S#(E(b,)) by Lemma 4. By Theorem II
of [8], # is a Hilbert space of entire functions which satisfies (H1), (H2), and
(H3) when considered in the metric of s#(E(b,)). It cannot be the zero sub-
space of S (E(b,)), for if #(E(b,)) had dimension 1, #(E(a)) would fill this
space and M(a, b, z) would be a constant as a result of Lemma 4. It would follow
that both factors M(a, b,z) and M(b,b,,z) are constant by Theorem IX of [9],
whereas «,, 8,,7, are not all zero by construction. The only ‘alternative, then,
is that .# contains a nonzero element. By [7], # is equal isometrically to
H(E(b.)), where E(b_,z) is an entire function which satisfies (1). This function
has no real zeros because of Theorem II of [8]. By Lemma 5, there is a unique
matrix valued entire function M(b_, b,, z), satisfying (2), such that

(A(b+,Z),B(b+,Z)) =(A(b_,Z),B(b_,Z))M(b..,b.,,,Z)

for all complex z. By Theorem I of [8], we may choose E(b_,z) in such a way
that M(b_,b,,0)=1. By construction, the function A(b,,z)u, + B(b,,z)v,
spans the orthogonal complement of S#(E(b.)) in J#(E(b.)). By Lemma 4,
(#,,7,)~ belongs to #(M(b_,b,)) and spans this space, and

AMb_,b,,z)=1—- Bz, B(b_,b,,z) = az,
C(b_,by,z) = —yz, D(b_,b,,z) =1+ pz,
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where o, 8,7 are real numbers, not all zero, such that « 20, y =0, f2=ay,
ov, = Pu,, Pv, =7yu,. Since # (E(b_)) is contained isometrically in 5# (E(b)),
we have similarly

(A(b, z), B(b,z)) = (A(b_,2),B(b_,z))M(b_, b, 2),
where

A(b_,b,z) =1- Bz, B(b_,b,z) = oz,

C(b_,b,z) = —1vy,z, D(b_,b,z) =1+ Bz,
and a,, f;,7, are real numbers, not all zero, which satisfy

20, 7,20, Bi=oyyy, o, =puy, Piv, =7yu,.
Since
(A(b4,2),B(b,,z)) = (A(b-,2), B(b-,z))M(b_,b,z) M(b,b.,2),
we have
Mb_,b,,z)=Mb_,b,z)M(b,b,,2)

by the uniqueness part of Lemma 5, and hence
a=a;+0o;, B=P1+P, Y=V1+72-

Since #(E(a)) and S#(E(b_)) are contained isometrically in S##(E(b.,)), either
H(E(a)) contains s#(E(b_)) or #(E(b_)) contains #(E(a)) by Theorem I. Since
H#(E(a)) has dimension 1 by construction and since 5#(E(b.)) contains a nonzero
element, 5#(E(a)) is contained in S#(E(b_)). By Lemma 5, there is a unique
matrix valued entire function M(a,b_, z), satisfying (2), such that

(A(b_,z2),B(b_,z)) =(A(a,z),B(a,z))M(a,b_,2)
for all complex z. Since
(A(b, 2),B(b,z)) = (A(a,z),B(a,z))M(a,b_,z)M(b_,b,z),
M(a,b,z) = M(a,b_,z)M(b_,b,z)
by the uniqueness part of Lemma 5.

A similar construction can be made with b replaced by c. There are entire func-
tions E(c_,z) and E(c,,z) which satisfy (1) and

(A(c_,z), B(c_,z2)) (A(a, z), B(a,z))M(a,c-,z2),
(A(c, 2), B(c,2)) (A(c_,z), B(c_,z2))M(c_,c,2),
(A(c4,2), Blcy,2)) = (Alc,2), B(c,2))M(c,cy,2),
(A, z), B(d,z)) = (A(c4,2), Blcy,2))M(cy,d,2),

where M(a,c_,z), M(c_,c,z), M(c,c,,z), M(c,,d,z) are matrix valued entire
functions which satisfy (2) and

M(a,c,z)
M(c,d,z)

M(a,c_,z) M(c_,c,2),
M(C,C_,., Z) M(C+, d, Z)
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for all complex z. The diagram of isometric inclusions
H# (E(a)) = H#(E(c-)) = #(E(c+)) = #(E()

holds, and M(c_,c,z), M(c,c,,2), M(c_,c4,2) = M(c_,c,z)M(c,c,,z) are
linear functions with value 1 at the origin.
Ifs# (E(b.,)) is contained in ##(E(c_)), then by Lemma 5,

(A(C_, Z), B(C_, Z)) = (A(b+’ Z)a B(b+a Z))M(b_,,, Cc_, Z),

where M(b,,c_,z) is a matrix valued entire function which satisfies (2). In this

case,
M(b,c,z) = M(b,b,,z)M(b,,c_,z2)M(c_,c,z2)

is a matrix valued entire function which satisfies (2) and
(A(c,2), B(c,z)) = (A(b,z), B(b,z))M(b,c,z)
for all complex z. Since
(A(c, 2), B(c,z)) = (A(a,z), B(a,z))M(a,b,z)M(b,c,z)

for all complex z, we have
(43) M(a,c,z) = M(a,b,z)M(b,c,z)
by the uniqueness part of Lemma 5, and

M(b,c,z) = M(a,b,z)" M(a,c,z)

satisfies (2) in this case. Otherwise, S#(E(b,)) contains S#(E(c_)) properly by
Theorem I. By the same theorem, s#(E(b,)) contains s#(E(c,)) or s#(E(c.))
contains S#(E(b.)). Since the orthogonal complement of S#(E(c_)) in s#(E(c.))
has dimension 0 or 1, #(E(b,)) contains #(E(c.)) in this case.

If S#(E(c,)) is contained in S#(E(b_)), a similar argument will show that
M(a,c,2)™" M(a,b,z) satisfies (2). Otherwise, # (E(c.)) contains # (E(b,)). Be-
cause of double inclusions, we have now only the case to consider in which
H(E(b,)) is equal to S#(E(c,)). We may suppose that the inclusions of S#(E(b_))
in S£(E(b,)) and #(E(c_)) in S#(E(c,)) are proper since otherwise we fall into
a case already considered. Either S#(E(b_)) contains S#(E(c_)) or #(E(c.))
contains #(E(b_)), by Theorem I. Since the orthogonal complement of S#(E(b_))
in #(E(b,)) and the orthogonal complement of S#(E(c_)) in #(E(c,)) have
dimension 1, we must then have S#(E(b_)) equal to s#(E(c_)).

By Theorem I of [8], there are constant matrices M(b_,c_,z) and M(b,,c,,z),
satisfying (2), such that

(A(c-,2), Blc-,2)) = (A(b-,z), B(b_,2))M(b_,c_,z),
(A(C+,Z), B(C_,,,Z)) = (A(by,2), B(b+,Z))M(b+,C+,Z)

and hence
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(A(c+,2), B(c4,2)) = (A(b-,2), B)b_,z))M(b-,b.,2)M(b4,c4,2),
(A(c,,2), B(cy,2)) = (A(b_,2), B(b_,2))M(b_,c_,z)M(c_,c,,2)

for all complex z. By the uniqueness part of Lemma 5,

M(b_,b,,2)M(b,,c,,2) = M(b_,c_,z2)M(c_,c,,2).

Since M(b_,b,,z) and M(c_,c,,z) are constructed with value 1 at the origin,
M(b_,c_,z) = M(b,,c,,z). If we denote this constant matrix by P, it has real
entries of determinant 1, and

M(c_,c4,2) = P"'M(b_,b,,2) P

for all complex z. Since we have linear matrix valued functions which satisfy (2)
and have value 1 at the origin,
M®b_,b,z) =1+ M'(b_,b,2)z,
M(b,b.,2) =1+ M'(b,b,,2)z,
where M'(b_,b,z) and M’'(b,b,,z) are constant matrices which satisfy the
matrix inequalities
M'(b_,b,z2)I Z 0 and M'(b,b,,2)I = O .

The same statement is true when b is replaced by c. Since M(b_, b, z) is linear,
M'(b_,b,z)and M'(b,b,, z) are linearly dependentand M’ (b_, b ,,z) = M'(b_,b,2)
+ M’(b,b,,z). Again the statement is true when b is replaced by c.
Since
M'(c_,c4,2) = P"'M'(b_,b,,2) P,

we have an identity
P 'M’'(b_,b,z) PI + P~ M'(b,b,,z) PI = M'(c_,c,z)I + M'(c,c,2) I,

in which the four matrix terms are non-negative and are scalar multiples of a
single matrix. Since the real numbers are totally ordered, either

P 'M'(b_,b,2)PI £ M'(c_,c,z)I

and

P 'M'(b,b,,z)PI = M'(c,c,,2)],
or

P 'M'(b_,b,2)PI = M’(c_,c,2)I
and

P *M'(b,b,,z)PI £ M'(c,c,,2)].
If the first pair of inequalities holds, then
M(b,c,z) = M(b_,b,z)"* M(b_,c,2)
= M(a,b,z)"*M(a,c,z2)

satisfies (2). If the second pair of inequalities holds, then
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M(c,b,z) = M(c_,c,z)"*M(c_,b,z)

= M(a,c,z)"*M(a, b, z2)
satisfies (2).

Proof of Theorem IV. The intersection of s#(E(b)) and 5#(E(c)) is a Hilbert
space of entire functions which satisfies (H1), (H2), and (H3) when considered
in the metric of I*(u), since S#(E(b)) and #(E(c)) each have these properties.
Since the intersection contains a nonzero element by hypothesis, it is equal iso-
metrically to 5 (E(a)), where E(a,z) is an entire function which satisfies (1).
Since E(b,z) has no real zeros by hypothesis, F(z)/(z—w) belongs to #°(E(b))
whenever F(z) belongs to #(E(b)) and F(w) = 0. Since 5#(E(c)) has this property
for the same reason, so does s#(E(a)). It follows that E(a,z) has no real zeros
and that Lemma 5 applies. Let M(a, b,z) and M(a,c,z) be the unique matrix
valued entire functions satisfying (2) such that (3) and (43) hold for all complex z.
If u, and v, are complex numbers, not both zero, such that (i,,7,)"
belongs to 5#(M(a,b)), then A(a,z)u, + B(a,z)v, does not belong to #°(E(a)).
The same statement is true if b is replaced by c. As a result of Lemma 2, each
such pair of numbers is unique within a constant factor if it exists. For our con-
struction, it is convenient to suppose that neither u, nor v, is zero if such a pair
(@#y,7,)” exists, and that neither u, nor v, is zero if (i#,9.)~ exists. Such
a situation can always be obtained by a rotation, as in the proof of Lemma 1,
at the cost of altering E(a, z) according to Theorem I of [8]. To prove the. theorem,
we must show that s#(E(a)) is equal either to #(E(b)) or to s# (E(c)), or in other
words that M(a, b, z) or M(a,c,z) is a constant. We will argue by contradiction,
supposing that neither of these functions is constant.

Since #(E(b)) is contained isometrically in I*(u), Theorem V of [8] applies.
There is a unique function W (b,z), defined and analytic for y >0, such that
|W(b,z)| <1 and

y [ |EGD|2du) Re Eb:2) + E*(b,z) W(b,2)
T (t—x)2+ y2 E(b,z) — E*(b,z) W(b,2)
for y > 0. The same statement is true if b is replaced by a or c. By the proof
of necessity for Theorem IX of [8],
1 + W(a,z) _[D(a,b,z) + iC(a,b,2)] + [D(a,b,2) — iC(a,b,z)] W(b,z)
1 — W(a,z) [A(a,b,z) — iB(a,b,z)] — [A(a,b,z) + iB(a,b,z)] W(b,2)

for y > 0. The same formula holds with b replaced by c. Since we suppose that
that M(a,b,z) is not constant and that (0,1)- does not belong to 5# (M(a,b)),
the function A(a,b,z) — iB(a,b,z) satisfies (1) by the proof of Lemma 1. Since
|W(b,z)| < 1, the function

fbz) = [A(a,b,z) — iB(a,b,z)] + [A(a,b,z) + iB(a,b,z)] W(b,z)
2) = [A(a,b,z) — iB(a,b,z)] — [A(a,b,z) + iB(a,b,z)] W(b,z)
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is defined and analytic for y > 0 and Re f(b,z) > 0. By the Poisson representation
of a function positive and harmonic in a half-plane, there is a non-negative
measure v on the Borel sets of the real line and a number p = 0 such that

y [ | ACa,b,t) — iB(a,b,f)|2dv(r)
@ 2 [t e,

+ py = Re f(b,2)

for y > 0. In writing the representation in this form, we use the fact that A(a,b,z)
— iB(a,b,z) has no real zeros as a result of (2) for M(a,b,z). Because of Theorems
I and II of [10], we actually have p =0 and 5#(A(a,b) — iB(a,b)) contained
isometrically in I*(v) according to Theorem V of [8]. By the proof of necessity
for Theorem IX of [8],

y dv() o 1+ W(a,2)
45) ‘,; J =%z +y2 Rei— W(a,z)

for y > 0. A similar argument and construction can now be made with b replaced
by c. Because of (45), this substitution does not change the measure v in (44).
Therefore, #(A(a,b) — iB(a,b)) and #(A(a,c) — iB(a,c)) are contained iso-
metrically in the same L2(v). By Theorem IV of [8], A(a,b,z) — iB(a,b,z) and
A(a,c,z) — iB(a,c,z) have exponential type and satisfy (4). By Theorem II, either
#(A(a,b) — iB(a,b)) contains s#(A(a,c) — iB(a,c)) or 3#(A(a,c) — iB(a,c)) con-
tains s#(A(a,b) — iB(a,b)); for definiteness we suppose the second alternative
holds. By our choice of u;, and v,, we see as in Lemma 1 that D(a,b,z) + iC(a,b,z)
satisfies (1) and the generalized Hilbert transform takes 5#(A(a,b) — iB(a,b))
isometrically onto ¢ (D(a,b) + iC(a,b)). By our choice of u, and v, D(a,c,z)
+ iC(a,c,z) satisfies (1) and the generalized Hilbert transform takes

H(A(a,c) — iB(a,c))

isometrically onto s#(D(a,c) + iC(a,c)). These two transformations are con-
sistent because of Theorem X of [10], and we may conclude that s#(M(a,b))
is contained isometrically in 5#°(M(a,c)). By the proof of necessity for Lemma 3,
the matrix valued entire function M(b,c,z) = M(a,b,z)"! M(a,c,z) satisfies (2).
Since

(A(c,2), B(c,z)) = (A(b,z), B(b,z))M(b,c,z),

S (E(b)) is contained in s (E(c)). As the argument was posed, this conclusion is
a contradiction, to escape which our only alternative is to grant the theorem.

Proof of Theorem V. In case (A), let V be the set of regular points ¢ with
the property that #(E) is contained in #(E(f)). Our hypothesis is that b belongs
to V. If t is in V, the inequality

0 < K(z,2) £ K(t,z,2)

follows from the isometric nature of the inclusion. Since (11) holds by hypothesis,
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the set Vis bounded away from zero. Since the regular points are clearly an open
set by definition, V has a least element a. If (0,a) is an interval of singular points
for m(t), #(E(a)) has dimension 1 by Theorem III of [10]. Since #(E) is con-
tained in 5 (E(a)) and since 5#(E) contains a nonzero element, it must coincide
with 3£ (E(a)) in this case. Otherwise, there are regular points s with s < a. Since
JH(E) is not contained in S#(E(s)) by the choice of a, #(E(s)) is contained in
J#(E) by Theorem I. If a is not the right-hand end point of an interval of singular
points, the union of such spaces #(E(s)) is dense in #(E) by Theorem III of
[10], and so S#(E) coincides with #°(E(a)) in this case. Otherwise, there is a
regular point a_ with a_ <a, such that (a_, a) is an interval of singular points.
Since the orthogonal complement of s#(E(a_)) in s#(E(a)) has dimension O or
1 by Theorem III of [10], #(E) coincides with 5# (E(a)) in this case also.

In case (B), let U be the set of regular points ¢ with the property that#(E(t))
is contained in #(E). Our hypothesis is that b belongs to U. If ¢ is in U, the
inequality

K(tzz2) £ K(z,2) < o

follows from the isometric nature of the inclusion. Since when z is not real,
lim K(t,z,2z,) = o
=0

by Theorem I of [10], the set ¥ is bounded. Since the regular points are an open
set of real numbers, V has a largest element c. If ¢ is the largest regular point
for m(f), then S#(E(c)) fills L*(u) by Theorem I of [10]. Since #(E(c)) is con-
tained in S#(E), which in turn is contained in I*(n), it follows that #(E) equals
H(E(c)) in this case. Otherwise, there are regular points s with s > ¢. Since S#(E(s))
is not contained in J#(E) by the choice of ¢, #(E) is contained in s#(E(s)) by
Theorem IV. If ¢ is not the left-hand end point of an interval of singular points,
the intersection of such spaces S#(E(s)) is #(E) by Theorem III of [10], and it
follows that #(E) is equal to s#(E(c)) in this case. Otherwise, there is a regular
point ¢, with ¢, > ¢ such that (c,c,) is an interval of singular points. Since the
orthogonal complement of #°(E(c)) is #(E(c.)) has dimension 0 or 1 by Theorem
III of [10], £(E) is equal to #(E(c)) in this case also.

Proof of Theorem VI. For ease of notation our proof will suppose that
a(t) + y(t) =t, as can always be obtained by a reparametrization. Let U be the
set of numbers u = 0 such that M(u,z)” ! M(z) satisfies (2), and let V be the set
of numbers v = 0 such that M(z) ™' M(v,z) satisfies (2). If u isin U and visin ¥,
the product M(u,z) “'M(v,z) satisfies (2). If u < v, this fact is in agreement
with our previous knowledge that M(u,v,z) satisfies (2). But if v £ u, it is the
assertion that M(v,u,z)”" satisfies (2). Since M(v,u,z) has value 1 at the origin
and since its z-derivative there is

) Bv) — B(u), a(u) — a(v)
Mo = (56 73 s — o )
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the function M(v,u,z)”! has value 1 at the origin and z-derivative there equal to
—M'(v,u,0). If M(v,u,z)”" satisfies (2), we must have

a(v) — ou) 2 0 and y(v) — y(u) 2 0,

by Theorem IX of [9]. In our parametrization, it follows that u < v, and hence
u =v since the reverse inequality also holds. In other words, we have u<v
whenever u is in U and v is in V. Since 0 is in U and b is in V by hypothesis, there
is a number a in [0,b] such that u < a < v whenever u isin U and v is in V, by
the completeness of the real numbers. If s is in [0,b], we know that M(b,z)
= M(s,z) M(s,b,z), where M(s,z) and M(s,b,z) are matrix valued entire functions
which satisfy (2), whereas M(z) and M(z) ~*M(b,z) satisfy (2) by hypothesis. By
Theorem III, either M(s,z) " 'M(z) or M(z) 'M(s,z) satisfies (2), or in other
words, s belongs to U or V. It follows that U contains every number s with
0 < s <a and that V contains every number s with a <s < b. Therefore, there
is a sequence (u,) with u, in U for every n, u, < u,,, and a =limu,. Since
M(u,,z)"* M(2) satisfies (2) for every n, and since M(a,z) = lim M(u,, z), for all
complex z, M(a,z)”! M(z) satisfies (2) and a belongs to U. A similar approxi-
mation from above will show that a belongs to V. Since both M(a,z) “*M(z) and
its reciprocal are now known to satisfy (2), this function is a constant by Theorem
IX of [9], and the theorem follows.

Proof of Theorem VII. The argument for Theorem V, A or B, applies with
an appeal to Theorem II instead of Theorem I or Theorem IV.

Proof of Theorem VIII. By Lemma 5, formula (3) holds for a matrix valued
entire function M(a,b,z) which satisfies (2). As in the proof of Theorem VII of
[8], the function

D(a,b,z) + iC(a,b,z) — A(a,b,z) + iB(a,b,z)

W@b2) = 5ebs) + iCaba) T A(a,b,z) — iB(a,b,2)

is defined and analytic for y 20, | W(a,b,z)| < 1 there, and

|E@)/EG,|2 di _ o E@z)+ E*a,2) W(ab,2)
s G—x2+ 2~ " Ea,2) — E*a,z) W(a,b,z)

for y > 0. Since (2) holds for M (a,b,z), we have

E (a,2) 2) |2 E(a,z) + E*(a,z) W(a,b,z)
EG7) | =REus) = E e Wb

when y > 0. It follows that there is some real number t such that

log| E(b,t)/ E(a,p) | dt
(t—x)2 + y2

(46) log| E(b,z) | E(a,2)| = ty + % f



78 LOUIS DE BRANGES ' [October

for y >0, with absolute convergence of the integral. See the proof of the re-
presentation theorem in a half-plane, given by Boas [1, p. 92]. Although he makes
an exponential type hypothesis natural in applications to entire functions, the
same argument applies under the present estimate. Formula (17) follows by the
Lebesgue dominated convergence theorem. Since [E(a,z) |E(b,z)|? has been
given an explicit majorization by a Poisson integral, the Lebesgue dominated
convergence theorem also implies that

| E(a,iy) | E(b,iy)| = o(y)
as y— + oo, and hence that t = 0. If F(2) is in 5#(E(a)), the definition of this
space yields the estimate
|F(2)/E@,2)|* < (4ny)™'|F|?

for y > 0, where

1712 = [IFO/E@O|2dt < .

If F(z) does not vanish identically, as we can suppose with no loss of generality,

we may conclude that
y [ log|F()/E(a,)|dt
< L
log| F(z)| E(a,2)| < - J- (=717

for y > 0. Let G(z) = ¢ F(z) where h is fixed and —1 < h < 7. Since F(z) is in
o (E(b)) and since | G(z)| = | F(z)| for all real z,

f | G(t)/ E(b,0)|2dt < oo,

whereas the last inequality and (46) imply that

log| G(2)/ E(b,z)| < _;Vt_ j log(ItG-Etl/) ZES? ’;)zl dt

for y > 0. Since u2 is a convex function of logu, Jensen’s inequality yields

| G(t)] E(b,1) |2 at
(t—x)2+ y2

y
6@ BB s L

for y >0, as in Boas [1, p. 100]. Approximation from large semicircles estab-
lishes Cauchy’s formula

G(2) | E(b,2) = oz f E@_iﬁ(_l;‘)_ﬂ

for y >0, and hence also

T 2ni t—z

1 J’ G(t)/E(b,t)dt
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for y <0. By (H3), the same formulas hold when G(z) is replaced by G*(z). As
in [7], it follows that

Gw) = f G(1) R(bw,t) | E(b,t)| 2 dt

for all complex w, and that G(z) belongs to #°(E(b)).

Proof of Theorem IX. Clearly, 5# is a Hilbert space of entire functions which
satisfies (H1) and (H2) when considered in the metric of S#(E(b)). For each
complex number w, let K(w,z) be the unique element of 5 such that

F(w) = C(F(1), K(w,1) )

for every F(z) in 5. Since s contains a nonzero element by hypothesis, K(w,w) > 0
when w is not real by Lemma 1 of [7]. The same inequality holds when w is
real since F(z)/(z—w) belongs to 5# whenever F(z) belongs tos# and F(w) =0,
by hypothesis. By the same lemma, K(z,w) = K(w,z) for all complex z and w.
By Lemma 3 of [7], K(w,z) satisfies an identity which is equivalent to the exis-
tence of entire functions A(z) and B(z) such that

2n(z — w) K(w,z) = B(z) A(w) — A(z) B(w)

for all complex z and w. When z = w, we find that B(z) A*(z) = A(z) B*(z).
These functions may be chosen in a number of ways and in particular so that
A(0) =1 and B(0) =0. Since

2ri(w — z) K(w,z) = [A(z) — iB(2)][A(w) — iB(w)]~

— [A(z) + iB(z)] [A(w) + iB(w)] -

and since K (w, w) > 0 for all complex w, we see that A(z) —iB(z) has no zeros for
y 2 0 and that A(z) + iB(z) has no zeros for y < 0. Therefore,

A*(z) — iB*(z) _ A*(2) + iB*(2)
A(z) — iB(z) ~ A(z) + iB(z)

is an entire function which has no zeros. Since it has value 1 at the origin by
construction, we may write it as U(z)2, where U(z) is an entire function with
value 1 at the origin, and which also satisfies U(z)™! = U*(z). It follows that
A(a,z) = A(z) U(z) and B(a,z) = B(z) U(z)
are entire functions which are real for real z, and that E(a,z) = A(a,z) — iB(a,z)
satisfies (1) and has no real zeros. Since
K(a,w,z) = K(w,z) U(z) O(w)

for all complex z and w, the transformation F (z) - F(z) U(z) take 5 isometri-
cally onto 5#(E(a)) by the proof of Lemma 3. Since 5 is contained in#(E(b)),
K(w, z) belongs to s (E(b)) as a function of z for every complex number w.
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As in the proof of Theorem VIII, there is a number 7, = 0 such that

A(z) — iB(z) | _ y A(?) — iB(?) dt
@n 1og| S| = eore L fuog | B | ey

holds for y >0, with absolute convergence of the integral. Because of (H3),
the same formula holds when A(z) is replaced by A*(z) and B(z) is replaced by
B*(z), if . is replaced by 1 = 0. If 2h =1, — 7_, we obtain

y (log |U®)|dt

log|U(z)| =hy + =) =02ty

for y > 0. Since U(z) has absolute value 1 on the real axis and value 1 at the
origin, U(z) = e ~™, Therefore, if F(z) is in #(E(a)), the function ™ F(z) be-
longs tos# and hence to £(E(b)). By (H3), e~ " F*(z) also belongs to S#(E(b)).
If F(z) is real for real z, this function must now satisfy the defining inequality of
##(E(b)) and hence belong to this space. Since 5#(E(a)) satisfies (H3), the inclu-
sion of J(E (a)) in S(E(b)) follows. The inclusion is isometric because
F(z) - €™ F(z) takes s#(E(a)) isometrically into s#(E(b)) by construction and
because e has absolute value 1 on the real axis. Since (47) holds and U(z) has
been determined, we may deduce (46) with 2t =7, +7_, and so —T1<h=<T.
Proof of Theorem X. By Theorem VIII,

®(a,b) = lim_y~* log | E(b, y)/E(a, iy)|

exists. From (3) we have
2E(b,z) = E(a,z)[A(a,b,z) — iB(a, b, z) + D(a, b, z) + iC(a, b, z_)]
+ E*(a,z)[A(a,b,z) — iB(a; b,z) — D(a, b, z) — iC(a, b, z)]
where |E*(a,2)| <|E(a,z)| for y > 0. Therefore,
IE(b, z)/E(a, z)| < IA(a, b,z) — iB(a, b,z)| + |D(a, b,z) + iC(a, b, z)[

for y > 0, and the inequality
b
@b s [ [ovo - pont

follows from Theorem X of [9]. The reverse inequality follows from the proof

of that theorem.
Proof of Theorem XI. Since m(f) has no singular points by hypothesis, the
space L3(m) of [10] coincides with I? (m). Because of (19),

(f1),9(0) — S u(®) + g() v(1)

is a linear isometric transformation of I*(m) onto I?*(0, ). The theorem now
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follows from Theorem III of [10]. A factor of = is inadvertently omitted from
the left-hand side of formula (11) of [10]. It should be placed so as to match
the corresponding factor in formula (10) of that paper.

Proof of Theorem XII. Since u(t) and v(f) are in L2(0,1) and since (24)
holds, the matrix valued function m(t), defined by

a(a) = foau(t) u(t)dt,

~a

Bla) = L “u@yidt = Jo o(t) i(t) dt,

¥(a) = f " w(tyie) dt

JO

satisfies (@) for 0 < ¢t < 1. The same formulas may be used to define m(f) for
t>1 if u(t) and v(¢f) are suitably extended. For example, u(f) =1 and v(t) =¢
are a possible choice for t = 1. The function m(f) so defined satisfies (6), (7),
(8), and (9). Since u(t) and v(¢) are assumed linearly independent when restricted
to any subinterval of [0, 1], the function m(f) has no singular points in this inter-
val. If (M(t,z)) is the corresponding family of matrix valued entire functions
defined by (12), we write E(t,z) = A(t,z) — iB(t,z). Since a(a) > 0 fora >0
by our linear independence hypothesis, E(a,z) satisfies (1) when a >0. The
equation (12) for the family (M(¢, z)) implies (10) and (11) for the family (E(t, z) ).
If f(t) belongs to L2(0,1), let its eigentransform F(z) be defined according to
part A of Theorem XI. If g(¢) is in [*(0, 1) with eigentransform G(z), and if f = Ty,
then

I

awF(w) = w f 1 FOLAC, w) () + B(t, wya(t)] dt
(1]

= w f 1 f " 900 [ux) — o) )] dx

x [A(t, w) a(t) + B(t, w)o(t)] dt

~w L e ﬁ " [u((x) — v(0) #(x)]

x [A(t, w)a(t) + B(t, w)i(t)] dtdx

1
J; g(x) [A(x, w) ia(x) + B(x, w)d(x)

— A(x,0) ii(x) — B(x, 0)o(x)] dx
2G(w) — nG(0)
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for all complex w by (12) and (20). Interchange of the integrals is justified because
the double integral converges absolutely by the Schwarz inequality. Let # be
the set of all eigentransforms F(z) of elements f(t) of .#. Since A is a closed
subspace of L2(0,1) by hypothesis and since (21) holds, # is a closed subspace
of S#(E(1)). Since Tg belongs to .# whenever g belongs to .# by hypothesis,
[G(z) — G(0)]/z belongs to # whenever G(z) belongs to # by what we have
shown above. By Theorems III and IV of [8], [F(z) — F(w)]/(z — w) belongs
to ##(E(1)) whenever F(z) belongs to S#(E(1)), for every complex number w.
Since the transformation R(w): F(z) - [F(z) — F(w)]/(z — w) has a closed graph
in £ (E(1)) as a result of (H2), it is bounded. The closed graph theorem can be
avoided here at the cost of explicit estimates from Theorem III of [8]. It now
follows that [F(z) — F(w)]/(z — w) belongs to 5# whenever F(z) belongs tos#, for
every complex number w. For let Q be the set of numbers w with this property.
Since the resolvent identity

(z = W)R(z) R(w) = R(2) — R(w)
holds for all complex z and w, the power series
R(z) = R(w) X (z — w)"R(w)"

converges in the operator norm when |z —w|<|Rw)|™*. It follows that
Q is both open and closed. Since this set contains the origin, it is the complex
plane. We use this fact only to conclude that F(z)/(z — w) belongs to s# whenever
F(z) belongs tos# and F(w) =0. If 5 contains no nonzero element, then every
element of . vanishes a.e. because of (21). If 5# contains a nonzero element,
let E(a,z) and h be defined for 5# as in Theorem IX with b = 1. The number
7, defined by (17) with b =1, is equal to zero because of (18) and (19). There-
fore, h = 0 and 5# coincides with 5#(E(a)). The theorem now follows from part
A of Theorem XI.

REFERENCES

1. R. P. Boas, Jr., Entire functions, Academic Press, New York, 1954.

2. L. de Branges, Local operators on Fourier transforms, Duke Math. J. 25(1958), 143-154,

3. , The a-local operator problem, Canad. J. Math. 11 (1959), 583-592.

4, ———, The Stone-Weierstrass theorem, Proc. Amer. Math. Soc. 10 (1959), 822-824.

5. ———, The Bernstein problem, Proc. Amer. Math. Soc. 10 (1959), 825-832.

6. ———, Some mean squares of entire functions, Proc. Amer. Math. Soc. 10 (1959), 833-839.

7. , Some Hilbert spaces of entire functions, Proc. Amer. Math. Soc. 10 (1959),
840-846.

8. , Some Hilbert spaces of entire functions, Trans. Amer. Math. Soc. 96 (1960),
259-295.

9. -, Some Hilbert spaces of entire functions. 11, Trans. Amer. Math. Soc. 99 (1961),
118-152.

10. , Some Hilbert spaces of entire functions. 111, Trans. Amer. Math. Soc. 100 (1961),

73-115.



1962] SOME HILBERT SPACES OF ENTIRE FUNCTIONS. IV 83

11. , Homogeneous and periodic spaces of entire functions, Duke Math. J. 29 (1962),
203-224.

12. , Symmetry in spaces of entire functions, Duke Math.J., to appear.

13. , A comparison theorem for spaces of entire functions, Proc. Amer. Math. Soc.
(to appear).

14. M. Heins, On a notion of convexity connected with a method of Carleman, J. Analyse
Math. 7 (1959), 53-77. :

15. G. K. Kalisch, On similarity, reducing manifolds, and unitary equivalence of certain
Volterra operators, Ann. of Math. 66 (1957), 481-494.

16. K. Kodaira, The eigenvalue problem for ordinary differential equations and Heisenberg’s
theory of S-matrices, Amer. J. Math. 71 (1949), 921-945.

17. N. Levinson, The inverse Sturm-Liouville problem, Mat. Tidsskrift B 49 (1949), 25-30.

18. J. A. Shohat and J. D. Tamarkin, The problem of moments, Math. Surveys 1, Amer.
Math. Soc., Providence, R. 1., 1943.

19. M. H. Stone, Linear transformations in Hilbert space and their applications to analysis,
Amer. Math. Soc. Collog. Publ. Vol. 15, Amer. Math. Soc., Providence, R. I., 1932,

20. E. C. Titchmarsh, Eigenfunction expansions associated with second-order differential
equations, Clarendon Press, Oxford, 1946.

NEw YORK UNIVERSITY,
NeEw YOrk, NEw YORK



