A CLASS OF NONHARMONIC FOURIER SERIES(')

BY
R. J. DUFFIN AND A. C. SCHAEFFER

1. Introduction. A sequence {)\,,}, n=0, +1, +2, - - -, of real or complex
numbers we shall say has uniform density 1 if there are constants L and é such
that |N.—z| <L and |\a—\n| 28>0 for ns#m. This is a more restrictive
notion than density, for, considering only those A, for which #>0, it is clear
that a sequence of uniform density 1 has a density as defined by Pélya equal
to 1, but the converse is not true. Sequences of uniform density d are defined
in a later part of the present paper for any d >0. If f(2) is an entire function
of exponential type v, 0 =y <m, that is,

f(z) = O(e!*)

uniformly in all directions as |z|—->oo, then f(2) is completely determined
by its values at any sequence of uniform density 1. Some properties of entire
functions of exponential type extend in a natural way from a sequence of
uniform density to all points of the real axis or of a strip parallel to the real
axis. For example, the authors have shown [6] that if an entire function of
exponential type v, 0 < y <, is uniformly bounded at a sequence of uniform
density 1, then it is uniformly bounded on the entire real axis. It also has a
bound in every strip parallel to the real axis. This result was applied to ques-
tions concerning the coefficients of power series.

In the present paper a further property of sequences of uniform density
is proved. It is shown that if f(z) is an entire function of exponential type
7, 0=<v <, belonging to Ly(— ®, =) on the real axis and {\.} is a sequence
of uniform density 1, then theratio { 3. |f\a)|2}//% | f(x)l 2dx has positive
upper and lower bounds independent of the function. An essentially equiva-
lent statement is that if g(t) ELy(—1, ¥) where 0 <y <, and {)\,.} is a se-
quence of uniform density 1, then there are positive constants 4 and B
independent of the function g(f) such that

1 L r 2
—2 f g(t)ePndt
2r . —y
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There are other sequences for which this inequality is true; we shall say
that a sequence of functions {exp (\.t)} is a frame over the interval (—7, v)
if there are positive constants 4 and B such that (1) is true for all g(¢)
ELy(—7, v). If y=m and N\,=n, then 4 =B =1 is Parseval’s relation. The
proof that a constant B exists is quite direct, the proof of the existence of 4 in
case {)\,,} is a sequence of uniform density 1 and 0 <7y < is one of the central
results of the present paper.

It was shown by Paley and Wiener [9], who initiated much of the work
in nonharmonic Fourier series, that if \, is real and I)\,,—nl <m~?, in which
case the condition |A,—\n| 28>0 for n5%m is“automatically satisfied, then
{exp (17\,,x)} is closed over (—, ). Boas [1] pointed out that their results
imply that (1) is true in this case with ¥ =7. Duffin and Eachus [5] showed
that this inequality is true in the case y = if A, are real or complex numbers
satisfying l)\n—nl <0.22 - - - . In the present paper it is shown that (1) is
true in the case y = if {\.} is a sequence such that | Re (\,) —n| £0.22 - - -
and the imaginary part of \, is uniformly bounded. Boas [3] has considered
problems analogous to some of these for L, spaces.

If relation (1) is true, then the sequence of functions {exp (i\.f)} is
clearly complete over (—v, v); that is, if g(t) ELs(—7, 7), then the set of
relations

Y
f g(t)entdt = 0
it

imply that g(¢) vanishes almost everywhere in (—+, 7). A proof of complete-
ness in a more general case than any mentioned above was given by Levinson
[8]. Levinson’s result, without stating the most general form, shows that if
the points lie in a strip parallel to the real axis and if | Re (\,) —nl Sa<l1/4,
then the set of functions {exp (#\.)} are complete in (—m, 7). On the other
hand, completeness is a less strong conclusion than the frame condition. We
shall show, for example, that if {\.} is a sequence of uniform density 1, then
the sequence of functions {exp (1\at)} for which #>0 form a complete set
in any interval (—7, v) where 0 <7y <, but they do not constitute a frame
in any such interval.

Relation (1) gives the set of functions {exp (i\.) } properties quite similar
to an orthonormal set such as {exp (int)} in Hilbert space. However, the
situation is more complicated because the set {exp (s\.t)} is highly over-
complete on an interval of length less than 27. Most of the previous study of
nonharmonic Fourier series has been for the exactly complete case; that is,
the case in which the sequence of functions is complete but becomes incom-
plete by the omission of any one of them. It has therefore seemed worth-
while to give in detail some of the elementary relationships between moment
sequences, expansion coefficients, etc. It is shown that these relations are
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consequences of well known properties of positive definite transformations
in Hilbert space.

These considerations give information only about mean convergence of
the series. However, combining properties of mean convergence with prop-
erties of the Dirichlet kernel gives conditions for pointwise convergence. It
results that nonharmonic Fourier series have to a large extent the same
convergence and summability properties as ordinary Fourier series.

2. Fourier frames. We begin the proofs by making the following more
precise definitions. X ‘

DEFINITION. A sequence {\,} of real or complex numbers has uniform
density d, >0, if there are constants L and & such that

2

©) [\ —Am| 28>0, n = m.

n
)\n_g'él—t» n=0)i1vi2,'°"

DEFINITION. A set of functions {exp (17\,.1!)} is a frame over an interval
(=%, v) if there exist positive constants 4 and B which depend exclusively
on v and the set of functions {exp (s\.f)4 such that

1 Y
_Z f g(t)entdt
27

=7

JIECE

for every function g(t) EL,(—7, v).

In the case of a frame, we shall suppose in part 2, except where the con-
trary is stated, that the index 7 runs through all positive and negative
integers and zero; however, we do not suppose that the A, are distinct. The
following theorem is to be proved.

2

It
&

IIA

(4)

THEOREM 1. If {\,.} is a sequence of uniform density d, then the set of func-
tions {exp (t?\nt)} s a frame over the interval (—+, ¥) where 0 <y <wd.

The following equivalent theorem is also to be proved.

THEOREM I'. Let {\.} be a sequence of uniform density d and let 0 <y <wd.
If f(2) is an entire function of exponential type vy such that f(x) ELy(— o, ),

then
2 f) P2

J 1 s

Here A and B are positive constants which depend exclusively on v and {\,}.

(5) A

I\
IA

< B.
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It will be shown that either of these theorems implies the other, and that
any set of positive constants A and B which sufficesin (4) or (5) also suffices
in the other inequality. It will be clear from the sequel that the constant B
exists under conditions much milder than are necessary to infer the existence
of A. The proof of these theorems depends on several lemmas. The following
lemma is a now classical result of Paley and Wiener [9].

LeEmMA 1. If f(2) is an entire function of exponential type v and if f(x)
ELy(— o, ), then there is a function g(t) ELy(—1y, v) such that

1 k4
izt
2 f_yg(t)e dt.

It is clear in this lemma that g(¢) is the Fourier transform of f(x), that is,
the Fourier transform of f(x) vanishes almost everywhere outside (—+, =),
and so Plancherel's theorem states that

™ f " fx) | = f "1 g 2.

From these relations it follows that if f(2) is an entire function of exponential
type v such that f(x) ELy(— «, «), then

(6) f(z) =

% 1/2 © 1/2
® [+ inl s (L) e [0 lasf
Differentiating (6) k times we also have

(k) 1 ! k
_ y izt
106 = o [ swtirena

so, by Plancherel’s theorem,
© 4
[ 1w as = 7] g0 v a
e _

,
< 72’°f | g(2) |2dt.
-7

Thus,
) [ 7170 lrax < v 71561

for every entire function f(z) of exponential type 7.

From Lemma I it clearly follows that Theorem I and Theorem 1’ are
equivalent. More generally, a set of functions {exp (i)\nt)} is a frame over
(=, v) if and only if there exist positive constants A and B such that
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2| fw) ]2

[ | /(x) |2ax

for every entire function f(2) of exponential type ¥ satisfying f(x)
ELZ(_ @, °°)'

Results similar to Lemma II were obtained by Plancherel and Pélya [10]
and by Boas [2] under different conditions.

(10) 4

IIA
IIA

B

LemMa I1. Let {exp (0\t)} be a frame over the interval (—v, v). If M is
any constant and { u,,} 15 a sequence salisfying Ip,.—)\,,l = M, then there is a
number C=C(M, v, {)\,.}) such that

2| fun) |2
2 fw) |2

for every entire function f(2) of exponential type 7.

A

Cc

Proof. It is clearly sufficient to prove this lemma under the additional
hypothesis that f(x) ELy(— , ). Let {exp (4\af)} be a frame over (—7v, v)
such that inequality (10) is satisfied, and, if M is a given positive number, let
{/.t,.} be a sequence such that |)\,.-qu = M. It is to be shown that if f(2) is
an entire function of exponential type 4 belonging to L,(— «, «) on the
real axis and p is a given positive number, then

(11 2 fa) = fOD 2 S T 7O |2
where
B 2, 2 2 2

12) T = z—(e“’ 1P" — 1)(eM?” — 1),
If f(2) satisfies these conditions, then Taylor’s theorem shows that

= f(\,)

f(”’”) - f()‘ﬂ) = Z 21 (ﬂn - )‘n) E,
k=1 !

Multiplying and dividing the last series termwise by p*, we have from
Cauchy’s inequality

| fun) = SO |2 = {g %}{g @}

The second sum on the right side of this inequality is exp (M?2?)—1. The
function f®(2) is an entire function of exponential type ¥, and, according to
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inequality (9), it belongs to class L:(— «, =) on the real axis. Then the
function f®(z) satisfies inequality (10), so

S0 Bfwlf“"(x) |z < Bv”fw | (2) |d.

Since the function f(2) also satisfies (10), it is clear that the last expression
is equal to or less than {B'y”‘/A} Zlf()\,.)| 2, and inequality (11) follows.
Then Minkowski’s inequality shows that

1/2 1/2
’

( Z | f(un) |2)”2§ ( Z | ) |2> + (TZ: [ fOA) lz>

so the lemma follows with C=(1+4T"/2)2

Lemma II shows that the constant B of Theorems I, I’ exists. For in the
case d=1 it is well known that the sequence of functions et is a frame
over (—7, v) where 0 <y =w. Since l)\,,—nl =L, the existence of B follows
from Lemma II. The case d#1 may be reduced to the case d=1 by a change
of variables.

The following result shows that the set of points {)\,,} such that
{exp (M)} is a frame over a fixed interval is in a sense an open set.

LEmMma II1. Let {exp (1')\,,15)} be a frame over (—+~, 7). There is a 6,>0
such that {exp (Tuat) } 1s a frame over the same interval whenever | ;4,,—)\,.| <é.

Proof. Let f(z) be an entire function of exponential type v such that f(x)
€Ly(— o, ), and let {exp (?\.£)} be a frame over (—7v, 7). Then f(z)
satisfies inequality (11) where |u.—N\.| <M, and T is defined by (12) with
p and M any positive numbers. From (11) and Minkowski’s inequality we see

that
1/2 1/2

a (Tl |2)”2§ (Zlrwl) + (T; | r017)

Now let ;=M =1/p and choose p so large that T'<1/4. Then inequalities
(10) and (13) show that

A 00
Zf_wlf(x) tdx 5 X S0 |

Lemma II completes the proof.

The above method is similar to that used by Duffin and Eachus [5] to
show that {exp (iu.t)} is a frame over (—m, 7) if |u.—n| < M <(log 2)/.
To obtain this result let N\, =%, y=m, p=(y/M)Y2 Then since in this case
B=A4, we see from (12) that T=(e"™ —1)?, so T <1 if M <(log 2)/7. From
(10) and (13) it is seen that {exp (ip.t)} is a frame over (—m, =) if | o —n|
=M< (log 2)/w. Theorem II will serve to strengthen this result by showing
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that {exp (i,u,,t)} is a frame over (—m, ) if there are constants 8 and M
such that [I(p,,.)| <8, IRe (p,.)—nl = M<(log 2)/m. :

The proof of the existence of the positive constant 4 in Theorem I de-
pends on several lemmas. The following result has previously been proved
by the authors [6].

LemMA IV. If f(3) us an entire function of exponential type v and {)\,.}
1s a sequence of uniform density d, d >~y /w, then :

|f(x + iy)l =< Me'¥! sup If()\,.)l
where the constant M 1is independent of f(z).

The following lemma is closely related to results of Bourgin [4] and
Ibragimov [7]; however, these authors were not concerned with sequences of
uniform density. It is stated in a more general form than needed because of
its intrinsic interest.

LEMMA V. Let A, be the closed subspace of L:(—m, ) generated by the set
of functions 1, e, e*®, - - . . If f(2) is an entire function of exponential type
vy such that f™(0)##0, n=0, 1, 2, - - -, and the sequence {)\,.} has uniform
density d, d>~/w, then the set of functions f(\.€¥), n=0, +1, +2, - 4s
complete in A,.

Proof. Let
(14) P = [ sengr)dn

where g(0) €E4., that is,
N
g(6) = lim. Z c.e™?

N-ow 0

with Z| c,| 2 < . Here and elsewhere the * represents the complex conjugate.
Since f(z) is an entire function of exponential type v, it is clear that F(3) is
also. Under the hypothesis

F(\,) =f J(X\.e®)g*(8)do = 0, n=0,+1, +2,.--,

it is to be shown that g(f) =0almost everywhere. Since F(A,) =0, Lemma IV
shows that F(z) vanishes identically. Then differentiating (14) we have

Fo©) = [ oo on

for k=0, 1, 2, - - - . Since f®(0) >0, the lemma follows.
LeEMMA VI. Given R satisfying 0 <R <, let p(z) be regular in the circle
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|2| SR and let {\.} be a sequence of uniform density 1. For each positive
number h there is an integer N and a finite set of numbers a_y, ¢_n41, * * *,
ao, * -, ay Such that

N ©
(15) Pp(z) — D ane™r= Y biz*
—N k=0
and
h
(16) |bk R", [a,,!§N.

Moreover, given h, R, p(2), L, 8, the same N suffices for all sequences satisfying
(17) [M—n| <L [ M= Z8>0 for nm.

Proof. the function f(z) =e*®* satisfies the conditions of Lemma V with
v=R<m, so the set of functions {exp (i\, Re®)} is complete in A,. It is well
known that closure and completeness are equivalent in 4, so there is a finite
set of numbers a_u, @_p41, + + -, an such that if

M
7(Re¥) = p(Re') — Z ane"""’“w
-M

then

l T . . 1/2 h
(L i) <

The Taylor’s series of 7(2) about the origin
M ©
") = pe) = 2 aaeP = 3 st
- k=0

converges in |z| <R. Then making use of Cauchy’s integral representation
of by we have from (18) and Schwarz’s inequality

1
27rz.f|,|.3 ( ) Z"'H

Let ¢,=0 for |nl > M. Then choosing a sufficiently large integer NV, the first
part of the lemma follows.

The proof of the second part of the lemma is by contradiction. Let
h, R, p(z), L, 6 be fixed and suppose there is no N which suffices for all
sequences {)\,.} satisfying (17). Then there are sequences {)\,(.1)}, {)\,(?)}., cee,
{\?}, - - - such that the least integer N=N(j) for which (15) and (16) are
true for some a?, b satisfies

h
2R"

| be| =
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NG) >

From relation (17) it is clear that there is a subset of the sequences {A\{},
which by a renumbering we suppose is the entire set, which converges to a
limit sequence {A\®},
lim Ay = A, n=0+1,+2---
joo
The sequence {A\®} satisfies (17) and so has uniform density 1. Then, by
what has been shown, there is an N, and a set of numbers ¢ such that

1 " No w0 |2 1/2 I
{- f p(Rei®) — 3 a0 exp (i Re") do} < —,
2rJ —x =Ny 2
o | < Noy =0, +1,42,---, % No.

The finite sum

Lo
Z @, exp (i\, Re')

—N,

is a continuous function of the 2N,+41 variables \,, so for sufficiently large j

1 L4 2 1/2
{—— f do} <h
2rJ _»

This gives a contradiction since N = N, suffices in (15) and (16) for all large j.

Proof of Theorem I. It has been shown that the constant B of inequality
(4) exists. To show the existence of the positive constant 4, it is sufficient
to consider the case d=1, 0<y<w. Given the sequence {\.} of uniform
density 1, let

No . ‘
p(Re?®) — Y a,(,o) exp (i)\f,j) Re 0)
—N,

(19) A = Appy — .

Then for each positive and negative integer » the sequence {A’} is of uni-
form density 1 with the same bounds L, § as the given sequence,

Ix:’)_”l §L9

In Lemma VI define p(z), R, % by

|)(:2 —7\,‘..')|%8>0 for n #= m.

1 1
?(2) =1, R=_2—(7+1r)' h=E(R“’Y)-

Then the lemma asserts that for suitable a?, b{?, N we have

” k

N )
(20) 1—- > oy exp (i)\,(.')x) = D b x
ne=—~N k=0
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where

| h SIS
(21) Ibk|=7€7; e | =N
and the same constant N suffices for »=0, +1, +2, - - .. If we define
(22) ‘l,,(x) = eo’v:c — eiv:cz b)(:)xk,

k=0
it follows from (19) and (20) that
N
(23) W) = X e exp (iMnnd).
n=—N
Writing’

(24) (9 (x) = 61»32 b‘”) ",
we have

(@) = e — ().

It is to be shown that {®(x) has in some sense a small average value, and
it will follow that y,(x) has some average behavior similar to e®. In the re-
mainder of the proof of Theorem I we shall use the notation

lel = {5 f o oz

Given a function g(x) EL:(—7, 7v), define g(x) =0 in the part of (—m, m)
that lies outside (—v, v). Then Parseval’s relation takes the form

lel = 1 o= 0

Since R>7, inequality (21) shows that the series (24) converges uniformly in
—v =x=7v; hence after multiplying (24) by g(x) and integrating termwise we
obtain

(¢’ g) =

(v) Z b,(:)(cwz’ xkg)‘

k=0 -

If this series is multiplied and divided termwise by (Ry)*?, then Cauchy’s
inequality and (21) show that

gl s i { (L)} El 6w o ot

k=0 k=0
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Then making use of Parseval’s relation, we have

< MR 2 & '
Z | (g-(V)’ g) |2 é R Z Z I (ewz, xkg) IZ,R_"-Y—IG
ye=—e = Y k=0 r=—c
BR 2. ||zkg

R — v im0 REyE

In the last series the integration defining ||x*g|| need only be carried over
(=7, %), so ||x*¢|| =v*|g||- Thus, recalling the definition of %, we have

(25) 2 6, 912 = |44

V=—00

Since e**=y,(x)+{*(x), we have (e*s, g) =, g)+ (™, g), and then
Minkowski’s inequality shows that

1/2 1/2

(Steol) s(Slwok) +(Ziew o)

The left side of this inequality is equal to ||g|| by Parseval’s theorem, and the
second of the two terms on the right we have shown in (25) is dominated by
ll¢ll /2. Thus

(26) 2| ) 2 |lell/4.
Now substituting in (23), we have
N
¥ g = Z a:‘)(e)\"#' » &)
n=—N

so Cauchy’s inequality and the estimate of ¢’ given in (21) shows that
-.N
| @n 92 = @V + DN T | (™02, ) |2
n=—N

If the last inequality is summed on » from  — © to «, then in the double sum-
mation the sum #n-+4» runs through each integer precisely 2N41 times.
Thus ‘

@n Ll =s QN+ DN E [ (M p) |2
—00 . k=—o
If we combine (26) and (27, Theorem I follows; and with d=1 we have
Az1/{4N*(2N +1)2}. The magnitude of N is not determined by the previous
argument so this is not an estimate of 4.
As previously remarked, Theorem I is equivalent to Theorem I’. How-
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ever, the conditions of Theorem 1’ are unnecessarily restrictive because it is
not necessary to suppose that f(x) ELy(— », =). If {\.}, v, d satisfy the
conditions of Theorem I’, then every entire function f(2) of exponential type
v satisfies inequality (5). If either of [ .| f(x)| 2dx, ZI f()\,.)| 2 is finite, then
the other is also and (5) holds. For if f2 .,I f(x)| %dx < o, then inequality (5)
follows from Theorem I’, so suppose that |fQ\.)|2< . Then f(3) is
bounded at the points z=X\,, so Lemma IV shows that f(z) is bounded on
the entire real axis. The function

F(3) = f(z)

sin ez

€2

where 0 <e<(wd—v)/2 is an entire function of exponential type (wd+7v)/2
and F(x)ELy(— ©, »). By Theorem I’ it follows that there are positive
constants A2=A((y+=d)/2), BA=B((y+nd)/2) such that

an g ZFOIE

f” | Fo(x) |2dx

—00

Letting € approach zero, the constants 44, B2 may be supposed fixed since
F(z) remains of type (wd+v)/2. It then follows that the limit f(z) of F.(2)
also satisfies this inequality. Thus f(x) EL,(— ®, ), so Theorem I’ shows
that f(z) satisfies inequality (5). .

This remark leads to a strengthening of Theorem I. Without attempting a
complete analogy to the stronger form of Theorem I’, let {‘)\,.}, v satisfy the
conditions of Theorem I with d=1. Thus 0<y <7 and {)\,,} has uniform
density 1. Let G(¢) be a function of bounded variation over (—7, v). If

_l_i f‘yeﬁn‘dG(t)

2
< o,
2r o 1J

then G(t) is essentially the indefinite integral of a function of class

Ly(— ©, ), and
f"e"‘"dG(t)

—
Y
[ e
b 4
This follows from Lemma I and the stronger form of Theorem I’ since

1 L .
T f_ ye" dG(t)

is an entire function of exponential type +.

1 2
—2

2r o

I\
o

1) =
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Not every frame over an interval (—7, ) can be strengthened in the
same manner to Stieltjes integrals. This is shown by the example in which
y=m, Av=n, and G(¢) =0 for —w<t<w, G(—7)=1, G(w)=1. For in this
case, although {e"“} is a frame over (—m, 7), we see that G(¢) is not ab-
solutely continuous but

T
f e™dG(l) = 0, n=0,+1, +2,---.

Let {)\,.} be a sequence of uniform density 1, and let 0<vy <. Over the
interval (—+, v), the set of functions {exp (z’)\,.t)}, n=0, +1, £2,-. .,
is a frame, and is therefore complete. The subset of functions {exp (Nat) }
for which >0 is complete over (—v, v) according to a result of Levinson
[8, p. 3], but it is not a frame over this interval. For let g(£) =e*** where a>0.
Then

1 ! iatyizt = 3. v —————_Sin ‘Y(a + Z) .
(28) f(z) = @ )mf eiateistdt = (ﬂ_) otz

Now [~ | g@®) | %t is a positive constant independent of ¢, but

sin y(a + A,) |2 < _827L Z
a+ 2\, |a+)\,.|2

and this approaches zero as a— «. Thus there is no positive constant 4 such
that (4) is satisfied.

We shall say that a set of functions {exp (?\at)} is an exact frame over
an interval I if it is a frame over I but fails to be a frame over I by the
removal of any function of the set. This use of exact is analogous to that of
Paley and Wiener in the case of exactly complete sets. If {exp (17\,t)} isa
frame over I but is not an exact frame over I, then we say it is an over-
complete frame over I.

If {\.} is a set of uniform density 1 and 0 <y <, then, according to
Theorem I, the set of functions {exp (s\uf)} is a frame over (—7, ¥). This
set of functions is an overcomplete frame over (—7, 7v), indeed if any finite
number of the functions are deleted the remaining functions are a frame over
(—*, ). This follows from the fact that if a finite number of the A, are de-
leted, the remaining A, may be reindexed so as to satisfy inequalities (2),
(3) with the bound L replaced by a larger number.

Zlf(xn)lz =

n=1 7" n—l

LemmA VII. If {exp (i\at)} is a frame over (=, v) but fails to be a frame
over this interval by the removal of some funciion of the set, then it fails to be a
frame over (—+, ) by the removal of any function of the set.

Proof. Suppose that there are positive constants 4, B such that for all
g(t) eL?(-'Yv 7))
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1 v
51; Z f ePntg(t)dt
n -

[ | g0 |21

but that if N\, is omitted there are no such 4, B. The failure must be in 4
rather than B. Then there is a sequence of functions gi(f), k=1,2, 3, - - -,
whose Fourier transforms we write fi(2),

1 ¥
izt
(2‘”) e f_”gk(t)e dl,

which are normalized by the relation

f_:“"(x)lgdx = f_:lgk(t) 2t = 1

2

|
=

4=

(29) fi(z) =

and such thaf

1
Zlnowlza,  ZlAowEs—

nFEM

Clearly fr(\.) tends to zero as k— « for each n=m, but | fk()\,,.)| has a lower
bound equal to or greater than AY2>0 as k— . Now fi(2) is an entire
function of exponential type v, and, according to (8), it satisfies

[ fu(x + iy) | = (v/m)V2eiv, E=1,2,3---

The sequence of entire functions being uniformly dominated, there is a sub-
sequence which converges to a limit f(2), and uniformly in every bounded
domain. Thus f(2) is an entire function of exponential type ¥ and

1/2 ©
et inl s (L) et [l s,

Now f(A\.) =0 for n#m, and f(\,) 0, in particular, f(z) does not vanish
identically. Therefore, if j is any integer and

z_Xm
Z—)\j

F(z) = f(),

then F(z) is a not identically vanishing entire function of exponential type
v. It is readily shown that F(x) ELy(— «, ©) and F(\,) =0 for n=j. Ac-
cording to Lemma I there is a function G(¢) EL,(—+, v) such that

topro
RO = o f_ Glea
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G(¢) is not equivalent to zero in (—, v), but
1
(2m)1/2

b
f G(t)e™tdt = 0, nj,
=7

so the lemma follows.

THEOREM 1I. Let N, =a,~+18, where o, and B, are real and IB,.| =B for
some constant 8. If the set of functions {exp (iot) } is a frame over an interval
(=", v), then {exp (i)\,.t)} 15 a frame over the same interval.

Proof. Let f(3) be an entire function of exponential type v such that f(x)
€ Ly(— o, o). According to Hadamard’s factorization theorem it may be
written in the form

hed 3
(30) f(z) = zrest ] (1 - —)e’/’v
r=1 2y
where 2z, 2, 23, - - - are the zeros of f(z) other than at the origin. Now f(2)

satisfies inequality (8), so Carleman’s formula [11] written for the upper
half-plane and for the lower half-plane in turn shows that »_ Im (1/3,) is
an absolutely convergent series. If

l/zr = b + iQV
where p, and ¢, are real, Hadamard’s formula may be written in the form
® b4
(31) f(z) = greletitr=ts H(l - _)ep,z
r=1 2y

where ¢ and d are real,
¢ = Re (a), d=1TIm(a) + X ¢
y=1

This product converges uniformly in every bounded domain since (30) does
and Y _g, is an absolutely convergent series.

We are going to define a sequence {)\,(,‘)} and an entire function fi(z) of
exponential type vy belonging to L.(— ®, ) on the real axis such that

) .01 (¢}

(32) M =antiBs ), Iﬁn I = 6/2»
and ‘

1A Sl
(33) — = -

[ :Ifl(x) x :If(x) s
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There are two cases to consider, d 20 and d <0. Suppose first that d =0. Now
form from the given function f(z) another entire function whose zeros are
obtained by reflecting in the real axis those zeros of f(z) that lie in the lower
half-plane. Let

A {zr if Im (Zr) = 0,

g = * .
z if Im(z) <0
and define
(34) fA(z) = zke(t'*'id)z‘i’b H(l —_— —é) ePv?,
=1 2y

Then f2(2) is an entire function of exponential type satisfying

(35) [ 7A@ | =] 1@ ]

To show this we note that the zeros of f(z) that lie in the lower half-plane
may be reflected in the real axis one at a time. Thus, if m is any positive
integer, the function

ffn(z) = gheletid)ztd H(l _ _ZA_)ep,l I (1 — i) e
y=1 2y r=m+1 2y
has the same modulus on the real axis as f(x), and it is an entire function of
exponential type v since the ratio f3(2)/f(z) tends to 1 as z tends to infinity
in any direction. Thus, f3(z) is dominated by the right side of (8) for
m=1, 2, 3, - - -, and hence its limit f2(z) is dominated by the right side of
(8). The product (34) defining f2(z) converges uniformly in every bounded
domain. If we compare (31) and (34), it is clear that

[ A+ iy | S| fie+ in], y=0.
Since d =20, we see also that
| A+ )| £ /== in], y 2 0.

Now define a new sequence {)\,‘}} by reflecting in the real axis those points
of {\.} that lie in the lower half-plane. Let

N {x, it Im(\) 2 0,
" La if Im(\) <O.

Then, according to the inequalities stated in the preceding paragraph,

L7 om] =] f0w].

The points N\, were assumed to lie in a strip of width 28 which is sym-
metric about the real axis. The points A; lie in a strip of width 8 which lies
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in the upper half-plane. We now translate the points A2 to obtain a new
sequence which lies in a strip of width 8 symmetric about the real axis. Let

1)

MY == i8/2,  file) = £ + iB/2).
Then the points A lie in the strip |y| <f/2 and

1)

A =17 00| =] 70 |
Also, according to Lemma I, there is a function g2(¢) € L,(—7, v) such that
1 v
7@ = G | w@es

and, by (35),
f_”lf(x) |2dx = fjl]“(x) I”dx = f-" I gA(@) |%dt.

Thus, writing g1(¢) =g4(¢)e=?2, we see that

v
@ f_ 71;1(t)emdt.

fi(z) =

Hence

f°° | fi(=) |2dx = f1 | 24(8) I’e‘ﬂ'dt = e“""fwlf(x) l’dx.

The sequence A\’ and the function fi(z) thus defined satisfy (32) and (33)-

If d <0, we reflect in the real axis the zeros of f(2) and the points that lie
in the upper half-plane. Then after a translation we obtain a sequence
{)\,(,l)} and an entire function fi(2) satisfying (32) and (33).

The above process may be iterated. If f(z) is an entire function of ex-
ponential type ¥ which belongs to Ly(— o, ) on the real axis, then for
k=1, 2, 3, - - - there is a sequence {)\,‘.')} and an entire function fi(2) of
exponential type ¥ which belongs to Ly(— «, «) on the real axis such that

(36) A = a8, |88 s 8/
and

1A >lrowl
(37) . < e =

[ :lfk(x) BZ [ :If(x) e
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The constant exp (20v) is here written in place of exp (y8++vB8/2+ - - -
+vB/2+Y).

Suppose now that {exp (iat)} is a frame over (—7, v). According to
Lemma III there is a §;>0 such that the set of functions {exp (iu,.t)} is a
frame whenever |u,.—a,.| <&,. Let & be so large that (8/2¥<é;. Then
{exp (APf)} is a frame over (—7, ¥), and the left side of (37) therefore has
a positive lower bound 4’. Thus

2o 2

Aley < — > .
715 Pras

Since I)\,,—a,.l =B, Lemma II asserts that the right side of (37) has a finite
upper bound. It follows that the set of functions {exp (:\.f)} is a frame over
(=7 7)-

3. Abstract frames. For two vectors » and v of Hilbert space, let («, v)
= (v, #)* be the complex scalar product which defines the norm ||u|| = (%, #) /2.
We define a frame to be an infinite sequence of nonzero vectors ¢y, ¢z, @3, - - -
such that for an arbitrary vector v,

(38) Alloll* = 221 @ ¢0) [* = Blloll

Here A and B are positive constants called bounds of the frame. The numbers
o,=(v, ¢,), n=1, 2, - - -, are called the moment sequence of the vector v
relative to the frame. Since a frame is clearly a complete set, the finite linear
combinations of the ¢, are everywhere dense. For the space Ly(0, 1) the scalar
product is defined as (%, v) = [ou(x)v*(x)dx.

If {¢.} is a frame and {c.} is a sequence of numbers such that J_|ca|?
< w, then D c.p. converges and

l Z Cnn
1

(39)

2 ©
< BY |aln
1

For if
k

Ve = 3 Cnmy E=1,0 =0,

n=1

then for k=j we have from Schwarz’ inequality and the frame condition,

k
‘ ”v’f' - 7’1'“2 = Z Cn(Bny V& — 0;)

n=j+1

k 1/2
s{T ol (Bl ol

n=j+1
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Hence
k
[oe =22 = B2 |al?,
n=j+1

and (39) follows.
This shows that a linear transformation S is defined by the relation

(40) So="3 (5, éu)n.

The transformation S is self-adjoint, and, if we make use of (38), it follows
that

(41) Alj9]|? < (Sv, v) < B||9||2

This states that S is positive definite with positive upper and lower bounds.
Hence the inverse S—! exists as a self-adjoint transformation, and

(42) BHJol|? = (570, 9) = 4-1jd]|2

LEMMA VIIL. Let {¢.} be a frame and let v be an arbitrary vector. Then there
exists a moment sequence {B.} such that

(43) v = Z Badn
1
and
(44) Bl = 2] 8a[* = 4o
1

If {b.} is any other sequence such that v= Yy bup., then {b.} is not the
moment sequence of any vector, and

(45) lelbu|’= D Balt+ 2|0 — Bal2
1 1

Proof. The first part of the lemma follows from the preceding discussion
when we write v =Su, 8, = (u, ¢.). To prove (45) there is no loss of generality
in supposing Z|b,.|2< ., Then 0=v—v= D (bp—Ba)Pn, so, with v=2Su,
Bn=(u, ¢,), we have 0= Y (b,—B,)BF and (45) follows. The uniqueness of
the transformation S—! shows that {#,} is not a moment sequence.

Now define a new sequence {¢,} by ¢4=S"1p,. Then {¢,} is a frame
with the positive bounds A1, B~L For if v is any vector and » =.S"'9, then

2l @en) 2 =221 Su ¢a) 2= 2| (u, 6a) |* = (S%, %) = (S7'n, v)

so the result follows from (42). If v is any vector, then it may be expanded by
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conjugate frames in the form

(46) V=2 (9, ¢n)bn = 2 (v, bu)on.

The following result also gives a method of finding the expansion coefficients
B. by a rapidly converging process of successive approximations.

THEOREM III. Let {qS,.} be a frame, and let p=2/(A + B). If v is an arbitrary
vector, define

M = 9—p Z (v, dn)n,

(D) = y(k) — P Z (v(k)n ¢n)¢m k = L.
Let
B = o+ 0"+ 0P+ 40", g0,
U = Z Bi(bk)¢n-
n=1
Then
B — A\*
47 - < .
) o= wdl = (555) Il
Proof. The transformation T"=1—pS satisfies
| (@o, 0] 5 ol -2
v, 9) | < 6||7)[2, =B+ 4

Since T is self-adjoint, ||Tu||<6||2||. Thus |[v®»]|<6||v], and in general,
|lv®|| <64|s]|. Adding the relations p*+D —y® = —pSp® for k=0, 1, - - -,
m—1, we see that 9™ —y = —v,,. Thus ||vm—1|| =|jo™|| <6m||¢]|.

A frame which fails to be a frame on the removal of any one of its vectors
is termed an exact frame. It is not difficult to show by an example that the
abstract analogue of Lemma VII is false.

LemMmA IX. The removal of a vector from a frame leaves either a frame or an
incomplete set.

Proof. Suppose that ¢, is removed from the frame {¢,}. As a special case
of (43) we may write

(48) bm = Z Budn

where ¢, =S"'¢n and B, = (¢y, Pn).
If Bns=1, then
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bm = (1 = Bm)"1 2. Butn

where Y’ indicates the omission of the mth term. Thus if v is an arbitrary
vector, then

| @ o) [* <1 = B[220 8 [P} (00 0) 2}
SO
2 o= {1+]1= 822 8]} 2] @, ) [

It follows that the subset of {¢,.} with n£m is a frame, for in place of (38)
we have 4'||1|2< 2’| (v, ¢n)| 2< B]|9]|2 where

A
AI= .
141 —Ba2 2| Bal?

Now suppose that in (48) we have B, =1. We show in this case that
{qb,.}, n#m, is incomplete. Since 8, =1, we obtain

0= Z'ﬁn¢n

and this may be written

0= 2 Butn
where B,=8, if n#m, B,=0. But 0= D_0-¢, so relation (45) with b,=0
shows that

2X |82 =0.

Thus B,=0 for n%m. Now B,= (¢}, ¢.) where ¢, =S5S"1¢,, and the vector
¢n, is therefore orthogonal to all vectors of the set {qS,.}, n#=m. Thus

(49) (¢:m ¢n) = Omn.

Lemma X. If { ¢,.} 1s an exact frame, then {qb,.} and {¢,ﬁ}, where ¢, =S¢,
are biorthogonal. Any sequence of numbers {c,} such that Y |c.|2< o is the
moment sequence of some vector with respect to {¢,. } , and

(50) AV et S| Z aall = BE | a2

Proof. If {¢.} is an exact frame, then (49) is true for all m as well as
for all 7 so {¢,} and {¢,} are biorthogonal. Given the sequence {c,}, accord-
ing to (39) the vector 9, v= ) c.¢n, has finite norm. Then

e = (o, ¢1’|) = (4, ¢n)

where #=35-1, so {c.} is the moment sequence of the vector #. Then (50)
follows from (44).

Paley and Wiener have also given a Hilbert space development of their
theory. It is of interest to show the precise relationship with the present
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theory. Their theory concerns an infinite sequence of vectors f, f, + - - which
is close to a complete orthonormal sequence ¥, ¥3, - - - . By “close” is meant
that for any sequence of complex numbers {c,},

(51) IZ e =t s 02X el

where 6, 0<6<1, is a constant independent of {c,,}, An arbitrary vector v
may be represented as v= ) c.» and it may be shown that (51) implies
that the sequence {f.} satisfies the frame condition (38). This was first
pointed out by Boas [1]. Applying the triangle inequality to (51) gives

(52) A=Y |alP 2| Xafllrs +022 ]l

Hence {f.} fails to be complete on the removal of any one of the f,. Thus
{fa} is an exact frame.

Conversely suppose that {d),.} is an exact frame. Let f, =2(BY2+4+A412)~1¢,
where 4 and B are the upper and lower bounds of the sequence {¢,}. Then
(50) may be expressed in the form (52) with §=(BY2—A4V2)/(BY24+A41?), It
was shown by Duffin and Eachus [5] that relation (52) for a complete set
{fs} implies the existence of a complete orthonormal set {y,} satisfying (51).
Thus the theory of Paley and Wiener and the theory of exact frames are equivalent.

The following theorem gives a new example of an exact frame. The proof
is omitted. Let {)\,,} be a sequence of uniform density d such that for some posi-
tive constant T, {\.} and {N.+7} are the same set of points. Then the set of
functions {exp (k) } is an exact frame over (—nd, wd).

4. Pointwise convergence. Let {)\,.} be a sequence of uniform density
1 and suppose that g(x) ELy(—m, 7). Then Theorem I and Lemma VIII
together imply that corresponding to each positive constant v, 0<vy <,
there exist expansion coefficients ¢, such that Y [c.|2< ® and

IIA
IIA

N
g(x) = Lim. Y c.e™»2, —y=x=+.

N—-® N
We shall show that indeed the limit in the mean »_ ¥y ¢, exp (2\,.x) exists
over the larger interval (—, ), defining a function g(x) in the latter interval.
It is also to be shown that the nonharmonic Fourier series actually converges
to g(x) at a given point of (—, ) if and only if the ordinary Fourier series of
g(x) converges to g(x) at this point. A similar statement could be made for
summability. Among all sequences { c,,} corresponding to the same g(x) in
(=4, 7) there exists a unique sequence which minimizes E] c,,l 2, according
to Lemma VIII. Whether or not {c,} is this minimizing sequence does not
effect the convergence of the nonharmonic Fourier series.
Paley and Wiener have also obtained convergence properties for their
class of nonharmonic Fourier series. Theorem IV is a generalization of their
result and has a sharper conclusion. The proof is along different lines than
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that of these authors. The convergence theory of Paley and Wiener has been
generalized along different lines by Levinson [8].
In order to investigate the convergence of the nonharmonic Fourier series,
we write
0 ’ k —_ kyk
ei)q.z = einzei(xn—n)z = einzz M
k=0 k!
and we recall that since {)\,,} is a sequence of uniform density 1, |)\,.—n| is
bounded. Thus, in the notation of Theorem IV below,

N N
gN(x) = XN: Cafn® = ZN: c,.g',.(x)

are the partial sums of the nonharmonic Fourier series of g(x).

THEOREM IV. Let {b,} be a sequence of positive constants such that Y g byr*
< o, and write

(53) Ea(®) = €22 bu®
k=0
where |bau| <bi, n=0, +1, +2, - - - . If {c.} is any set of complex numbers
such that )| ca|2< o, then
N
(54) gn(x) = Z Cal (%)
n=—N

converges in mean to a function g(x) of class Lo(—m, w). If {a,.} are the Fourier
coefficients of g(x) over (—m, ), then

N
(55) on(x) = (v* — xz)ZNZ (cafn(®) — @nei™?)

converges uniformly to zero for —mw Sx=m.

Proof. We have

N ©
gN(x) = Z Gng.n(x) = Eka(x)xb
n=—N k=0
where
N
(56) Yne(%) = D Cabuie=.
n=—N
Then

N
i@l = 3 | cabui|” < b2

n=—N
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where ¢?= ) %, |ca| % It is clear that

(57) Yi(x) = Lim. yyi()

N—®

exists and that

“¢k(x)” § Cbkt 'I/k(x) ~ Z Cub”keinz.

Then

14

2 xhi(x)

k=p

< 3 lsa@)l| £ 3 wiebs
k=p

k=p

[March

so it follows that Y j x®i(x) converges in mean to some function of class
Ly(—m, w). We define this function as g(x) and show that g(x) has the prop-

erties given in the statement of the theorem. Thus

v

g(x) = Lim. > xkpu(x).

)

Then

lg(®) — en(x)]| = g o+ @we(s) — va()]

=3 Hlwe®) — (@) S 3 whcbe
ko0

k=0

But ||[¥ni(x) —yu(x)|| =0 as N—  for each fixed & so it follows that

g(x) = Lim. gy(x).
N—®

To investigate the question of convergence we write
sin (N + 1/2)u

sin (%/2)
for the Dirichlet kernel. Now (56), (57) show that

DN(u) =

0

gn(2) = 2 #* (), Du(x — 1)).

k=0

Now define fx(x) by the relation

fu(%) = (g(0), Dx(x — 1)) = g (W), Dl — 1)),

Then fx(x) is the Nth partial sum of the Fourier series of g(x) over (—m, ) so
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¢n(x) = (v* — 2)(en(x) — fn(2))

) - 27,‘2.‘3 f_ (st = (et — HODr(z ~ D

= (r? — x?) ,,Z.% (Wi(®), (a* — t¥)Dy(x — 1)).

We now show that there is a constant 4 independent of k such that
(r? — a9t = 1)
sin ((x — #)/2)
By a change of variables, this is equivalent to the relation
(1 — a?)(a* — tF)
sin (w(x — £)/2)
Clearly it is sufficient to take x =0, in which case (x—¢)/2 lies in the interval

(—1/2,1). But u(s#—1)/sin 7u is bounded when # lies in this interval, so it is
sufficient to show that

(59) < Art || < [t =

< A, |« <1, ¢ =1

L (= @) (e =)
ClE-n@+t- 2

is bounded by 4 for —1=¢=1, 0=sx=1. If —1=t=-1/2, then &
<4(1—x)/(2+t—x)<4. If —1/2<t<1, then k=2(1—x)(xk—*)/(x—1)
=2(1—x)(x*14tx*—24 - - - 4£+-1) =<2,

From(59) we see that

| We(®), (2 — a?)(a* — t¥)Du(x — 1)) | S AxH|w(®)|

S0
(60) 2| @), (7 — a)(a* — *)Dy(x — 1) | S Ac 2 w*be
k=M k=M
Given ¢, €>0, choose M so large that
AcS 7y < — -
kM 3
It is clear that
M-1

7wt — a?) 3 We(®), (% — t))Dn(x — 9))
k=0

tends to zero as x— +, so there is a positive number § =8(¢) such that this
sum is bounded by ¢/3 in the intervals (—, —w+6) and (x—38, 7). If x lies
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in the interval —r+86=<x<w—6and £=0,1,2, - - -, M—1, then
xk — t"

sin ((x — £)/2)

is a continuous function of x and ¢, — v <¢t<w. Then

H,,(x, t) =

1 * 1
W0, (& = 9Dx(z = 0) = = [ 0O Hu(z, ) sin (N + —2—) (x — O,

and a simple extension of the Riemann-Lebesgue lemma shows that this
tends to zero uniformly in x, |x| =x—9, as N tends toward infinity. Thus
choose N so large that

M-1 €
(= ) 3 (%al), (+* — 9Dy (x — z»{ <<

k=0

for |x| <m—246. Then

IIA
8
IA
3

| on(x) | < -7
and the theorem follows.
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