THE FUNDAMENTAL SOLUTION OF A DEGENERATE
PARTIAL DIFFERENTIAL EQUATION OF
PARABOLIC TYPE()

BY
MARIA WEBER

1. Introduction. The equations studied in this paper arise in the prob-
ability treatment of diffusion problems and were first introduced by
Kolmogoroff [1](%). Kolmogoroff showed that under certain conditions the
probability density of a system with 2n degrees of freedom satisfies a para-
bolic differential equation of Fokker-Planck type. The ordinary Fokker-
Planck equation in 2z dimensions is

(1.1) idw G +Zn:(x¢

%] 0x;0x;
ai;, ai, a are functions of x, y, ¢. It is degenerate in the sense that the second
derivatives in y do not appear in the equation. The 2n-dimensional space is
the phase space of a system, where y is the position and x the velocity
vector. For a more recent discussion of stochastic processes giving rise to
equations of that type, see S. Chandrasekhar [2]. The more general equation

a2 E T Z(
can be reduced to (1.1) by the substitution x;=>5bx(§, #, 7) provided
ab;  ab;  ab;
ok om or

au

X3

>+au+'—=0 (@i = ay)

; oo
317.+a 5,)+‘”‘+

exist for all 2 and % and the transformation
(1.3) Xy = bk(Ey n T)y yk = Nk t=r

represents a continuous one-to-one mapping of the £, 5, 7-plane on the x, y, ¢-
plane. Here the relation between the position 5 and the velocity £ is given by
7i=Dbs.

The construction of a solution of (1.1) depends on the determination of
the fundamental solution. It is the purpose of this paper to obtain the funda-
mental solution of (1.1) for any given open region R of phase space under
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certain conditions on the coefficients; these conditions will be given in §3.
(The region R is not necessarily bounded, it may cover the whole phase-
space.) Our development follows closely the methods of Feller [3] and Dressel
[4; 5], going in some essentials back to Gevrey [6; 7].

Notations. Throughout the text the following notations are used: When
there is no misunderstanding multiple integrals will be indicated by a single
integral sign. We shall write dx and dy for dx; - - - dx. and dy, - - - dy, re-
spectively. Integration with respect to ¢ will always be indicated separately.
The notation x will be used for x; - - - x, and similarily v, £, 5, u, v represent
points in n-space. All summations, unless otherwise indicated, extend from
1 to n.

2. Definition of the fundamental solution and the problem of uniqueness.
Let (1.1) be defined over some open region R in phase-space (x, ¥) and for
to<t=t;, with uniformly bounded and continuous coefficients a;;, a;, a. Let
da;;/dx; be uniformly bounded and continuous. We define the fundamental
solution % of (1.1) by the following three properties:

(I) For to=t<7 =t,and each pair of points (x, y) and (§, 1) in R, u(x, y, ¢;
& m, 7) is a regular solution of (1.1), that is, it possesses, as a function of
(x, ¥, t), the continuous derivatives occurring in equation (1.1).

(IT) For x=§, y=n, t=r the function u(x, y, ¢; £, 9, ) possesses a singu-
larity such that for every subregion D of R and every continuous bounded
function f(x, y)

f(%, n) if (¢, 9) is interior to D,
2.1 lim u(x, v, t; £ 1, x, y)dxdy =
( ') - D (@ 3, 6 & m 1) (w, y)dwdy {0 if (&, n) is exterior to D.

o=
(III) For fixed &, 9, 7, t with te=t <7t =t, the functions u(x, v, ¢; &, 5, 7)

and xu(x, v, ¢; & n, 7) are absolutely integrable over R and du/dx; are
bounded.
The equation

0%a;m oa;u ou ou
R Y] ey
i1 ax.-axj i ax.- ay.

defines the adjoint to (1.1). In §3 we shall give sufficient conditions on the
coefhicients of (1.1) to ensure the existence of a fundamental solution. These
conditions will automatically entail the existence of a fundamental solution of
(2.2).

We shall now give a uniqueness theorem for the fundamental solution,
provided R is the entire phase space ~

- < x; < ©,
s{ +

(2.3)
- ® <y;<+ @,

i1=1,2,---,n

THEOREM 1. Under the assumption of existence of a fundamental solution of
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(2.2), ulx, y, t; & n, 7), as defined by conditions 1111 with R=S, satisfies
equation (2.2) in the variables &, 1, and T and as a consequence is uniquely de-
termined.

Proof. The proof is omitted because it follows the same lines as for the
ordinary parabolic equation (cf. Dressel [5]).

COROLLARY.
(2.4) fu(x, v, t; & n, )u(u, v, \; %, 3, )dxdy = u(u, », X; £ 9, 7).
S

3. The fundamental solution of equation (1.1). We determine the funda-
mental solution as the solution of an integral equation. We assume that
in R and for £, <t =<t the coefficients of (1.1) satisfy the following conditions:

(a) The functions da;;/d¢, 0%a;;/0x10%., da;/0xk, ai, a, 0a;;/dy; satisfy a
local Lipschitz condition of order v, 0 <7y, and are uniformly bounded.

(b) The characteristic roots of the symmetric matrix ”a,- ,” are positive and
uniformly bounded both above and away from zero.

Let A, denote the cofactor of a; divided by the determinant 4. Because
of condition (b), 4 is bounded above and below and so are the characteristic
roots of ||4/|. Then as an immediate consequence of (b) we have:

LEMMA 1. There exist positive constants dy and d. such that for all u; and
all (x,y,t) in R

3.1) di), ui < D> aamur < dg ) uf,
i ik B

(3.2) dY, ui < D Ay < ds Yy e
i i,k T

dy is the greatest lower bound of the characteristic roots of both lau|| and |4
and d, the least upper bound.

In the case of equation (1.2) additional assumptions are to be made on
derivatives of the b;'s up to the third order and a;; is to be replaced by

[ab abk db, abk]
dx; 6x, dx; dx; )

(3.3) aij = Z ke
2 k,e

We now proceed to prove the following theorem.

THEOREM 2. Under assumptions (a) and (b) there exists a fundamental solu-
tion of (1.1). In case R is the entire phase space this fundamental solution is
unique and satisfies equation (2.2).

We need some preliminary results:
The equation
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0%u ou Ou

3.4 L(u) = — —+—=0
3-4) (w) ax2+xay+at
has the fundamental solution
— 2
F(x’ ¥ b £, T) = 31/22—1”_1(1 - t)—z €xp [_ _‘(f(—x;;
r —
(3.5)
R U Bl el x>}2]
(r—1)?

given by Kolmogoroff [1], which satisfies all the conditions in §2. We use this
function in the construction of the first approximation of the fundamental
solution of (1.1).

Let

(& — %) (&x — xp)
4(r — 1)
13 {ni— 3 — 27Ur — ) (& + x) } {me — 9 — 27(r — £) (2% + &)} .
(r—10?

We choose as first approximation for our fundamental solution

Rik(x’ yy t; g; 7, T) =
(3.6)

uo(x, ¥, t; Er , T)

3.7
( ) = [¢(£1 LB 7') ]_1(7 - t)—2n €xp I:_ Ek Aik(xr ¥ t)Rik(x, ¥t £, T)] .

¢(x, v, t) is defined by

é(x, y,£) = lim N\ — )~
A
(3.8) e
-€xp [— 2 A, 3, ORu(%, 3, 5 1, v, X)] dpdy.
i,k

Q is a small square centered in the point x. By a simple change of variable this
limit can be shown to exist. By Lemma 1 and assumption (a) it follows that
¢ is a continuous function bounded away from zero and differentiable with
respect to all its variables.

In the following we shall determine a function f(u, v, \; &, 9, 7) such that
the fundamental solution of (1.1) can be written as

u(x, y, ¢ & m, 1) = uo(x, y, 4 & 9, 7)

3.9 T
(3-9) + f dkf uo(%, ¥, 5 %, v, N f(u, v, \; £ n, 7)dpdy.
t R
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For this purpose we need a set of three formulas collected in the following
lemma.

LeEMMA 2. Let f(u, v, N) satisfy a Lipschitz condition of order vy, 0 <wy, for
any point (u, v) in R and tSN<t. For any €>0 let f(u, v, \) be bounded over
any set for N\S1—e¢, and absolutely integrable over R for tSN=r.

Let
(3.10) Uz, y, 1) =f d?\ff(u. v, Mvo(x, 3, t; 1, v, N)dudy
t R

with ty =<t <7 =t and vo(x, ¥, ¢; &, ¥, N) =uo(x, v, t; 4, », N)p(u, », \). Then we
have

aU

= = f® 3, 08(5 3,1

T a 0
(3.11) + f i\ f (£ 208 = S, 3,)) = duds

T v
+ f(x, 9, ©) f an f 72 dudy,
>t R at

oU T 9%
— = [ [ n ) = s 3,0]
(3.12) Ve ¢ R , Y&
T )
+ f(2 3, 0) f a2,
by R Oy
02U T 9%
= f d)\f [f(u, v, N) — f(x, 3, 0] dudy
0x;0%; ¢ R EZCEN
(3.13)
T 029
+ 1m0 [ o duds.
-ty R 0%:0%)

Each of the last integrals means lim,.o [7,..

Equation (3.11) is an extension of Theorem 1 of Dressel [4] and (3.13) of
Theorem 2. Our fundamental solution differs from his by the normalization
factor and the second exponential term.

Proof of (3.11). Let Q be a 2n-dimensional square of side length 2 and
R—Q the remainder of the region considered. We write for A¢>0

AU ! HMd)\ffdd—{—ffd}\fwaodd L41
—_— — — /] = .
Af Atd, RO”V At r At e ' ’

To shorten the formulas we omit the variables on which depend U, f, vo; they
are to be found explicitly in (3.10). A; means an increment where ¢ alone is
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varied.

The part of I, for which the space integral extends over R—Q tends to zero
with At. The remaining integral, with the space integration over Q, tends to
—f(x, v, H)p(x, ¥, t), because of the definition of ¢ and the continuity of f in
the point (x, ¥, £). I can be split up into three parts, the first an integration
over R—Q and from ¢+At to T —e¢, the second integrated over Rand from 7 —e
to 7, and the third over Q and from ¢+At to T —e¢, where T—e>¢t+Af and
€>0. In the first two integrals we can pass to the limit Af—0 under the
integral sign. For the third integral we get

T—¢ Ag‘l«'o
J = dx f [fuy v, N) — f(=, 3, 0)] dudy
t+At Q At
T—€ Awo
+ (%, 3, £) ax f dudy = J1 + Ja.
t+AL o At

The Lipschitz condition on f ensures the existence and convergence to zero
with € of

t+e
ft d)\fo[f(ﬂ. nN) — f(=, t)]%dudv,

which implies that one can pass to the limit under the integral sign in Jy.
We now show that lima,.e J; exists. Consider

t+At+e A o
T = f(z, 3 1) a f dud.
t+At Q At

In the integral obtained by subtracting J; from J, one can pass to the limit
under the integral sign. In J; we change N\ into N+At in vo(x, ¥, t+A¢; u, », N)
and obtain

Js = f(% 3, 0) {ft‘wd)\/mj;(x — f)=2n
t+At+e

- exp l:— > A, v, t + AR (%, v, t; u, v, )\):I dudv + d\/At
ik

t+AL
exp [— D Aal(x, y, t + At)R;k:I — exp [-— > Az, y, t)R,-k]
ik ik
o = e

tHAtte
— f d)\/Atf (N =2 exp I:— > Az, y, t+ At)R.-k:l dudv} .
t+e Q

i,k

dudy

Passing to the limit A¢ tending to zero, we get
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lim J; = ﬂa%wm%o+ﬂx%q[ a Ruvodudy

At—0
- f(xn ¥ t) f vo(x, Y tp, vt + G)d‘ldli.
Q

The passage to the limit e—0 completes the proof of (3.11) for At>0. For
At <0 we write

AU ¢ T Ao
—_—= f d)\/Atffvo(x, y, ¢ + At; p, v, N)dudv — f d)\f f dudv
At vy B ¢ A

and follow a proof completely analogous to the preceding one.

Proof of (3.12). Let ¢>0 and t+e<7—e. We form the ratio A,U/Ayx
and split the integration from ¢ to 7 into three parts, from 7—e to 7, {+€ to
T—e¢, and ¢ to t+e¢, thus obtaining three integrals of which the first two are
regular. In these the limit can be taken under the integral sign. The third

can be transformed into
)
) f N f o °d,uzy.

f d\ f (S v, N) = f(=, 3,

Because of the Lipschitz condition on f(x, 9y, t), the passage to the limit can
be effected under the first integral. Its contribution tends to zero with e.
Introducing in the second the new variable 5 =»;—Ay; and calling R the
transformed region, we obtain

ﬂ%%ﬁﬁmdx

ﬂpﬂ-EAM%yV+Mm0&J—upE-ZAM%%D&J

be e dudy.

R Ayk()\ — t)z”
We let Ay;,—0 and obtain

t+e aA“
ﬂ%%ﬁf - R
: R e OYk

Now we let e—0 and, combining the results of this paragraph, we obtain
(3.12).

Proof of (3.13). It is easy to see that d U/dx; can be obtained by a dif-
ferentiation under the integral sign. It is sufficient therefore to examine the
derivative with respect to %, of

3 evod[tdv.

tt+e
T =f dkff(u, v, NR(%, y, t; uy v, Nvo(%, ¥, t; 1, ¥, N)dudy,
¢ Q
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where we let

6A,'~ x, Y, ¢
-Re = - Z ;(2—2 Rik(x, Y, t; My ¥, )‘)
ik 0.,
P % i — ¥ — 27w + )N — 2
+ZA“|:2M _ g%y (i + x:)( ):I'
3 40\ — 1) (-2
We increase x., by Ax and keep all the other variables fixed; then we have
AT
A X (%m + Ax, 3, t; p, v, N) [v0(%m + A%, y, 5 4, %, N)
x

1 t+e
— b0 Jdpdy + — f i f SR (m + B3, 3, £ 1y 9, Wi
Ax t Q

- Re(xy ¥, t; M, V, )‘)vo(xy ¥, t; My Y, )\)]d].tdl’,

where 7y denotes the function obtained from v¢(x, ¥, ¢; u, », \) by replacing the
Xm occurring in Au(x, v, t) by x. and the x, elsewhere by x,+Ax. To the
first integral apply the mean value theorem and pass to the limit under the
integral sign. It is easy to see that this integral tends to zero with e. In the
other integral write for f(u, », N) the sum [f(u, », N\) —f(x, ¥, t) | +f(x, ¥, £)
and in this way obtain two integrals. Because of the Lipschitz condition on f,
we can pass to the limit under the first integral. This integral then tends to
zero with e. In the second integral I; we introduce the variables i, =puns,—Ax,
Pm=Vm—2(N—1t)Ax. Writing Q' for those integration limits in the integral
which remain unchanged, we obtain.

t+e
= f(%, v, t)/Axf dx
t
zmt+1—Az Ym+1—2Az (A—t) zm+1 ym+1
J A Y e
m—n—A z m—n—24 z(\—t) Zm—1 Y ym—n
zmt+1—Az Ym—n ymtn
R AT Y
[3 Q’ Zm—n—Az Ym—1—24 z(A\—¢) Ym+n—24 z(A—¢)
Ymt+n Zm+n
n f [ - ]} R aodudy.
Ym—n Tym—n—Az Tmtn—Az

If Ax is small enough, that is, satisfying Ax<min[n/2, n/4(\—f)], the
integrand is continuous and we can pass to the limit Ax—0 which gives us

lim 1o = f(x, y, 1) f i f [ : ‘]vodndu.
Az—0 an
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This gives the essential points in the proof of (3.13).
LEMMA 3. The function U defined by (3.10) satisfies the equation

(3.14) L(U) = — f(xr Y e(x, s 4 )+ f d)‘ff(ﬂ’ v, N)L(v0)dudy,
¢ R
where L 1is the operator defined in (1.1)
Proof. L(vo) can be written

2A.' Ai An
()\ - t)an(vo) = {E-Rtk<— Z i : aem+ E 2 : 2

eom 0%0%m emre 0%  O0%m

_ Z 4 o e) + a} exp [— ZA""R"‘]

Ye ik

+ (= t)—m{ ; [_”Lx'_

20\ — 1)1

@ emlirg

(3.15)
+3

vi — i — 27 i + )N — t)]
(\ — p)3r2
0Aim

[2 Z Qem
* €Xp ['— EA;],R,'],:I .
i,k

The terms of higher order, that is, those containing (A\—f)—2*—! and
(A —2)~@»+31D disappear because of the choice of #,. This enables us to
operate under the integral sign and derive (3.14) by Lemma 2.

We are now ready to construct f(u, v, N\; & 9, 7) of formula (3.9) as the
solution of the integral equation

f(x: it & 7)

= L(“o) + f Td)\LL [“O(x: Y, &5 B, v, )‘)]f(l‘t v\ &, T)d/"’d”-

—4 Z acm ox AnnRrk+ Za Au]}

x r.k,e,m Xe

(3.16)

In successive approximations we write:

fo(x’ B2 t; 5, M 7) = L(“O)y
fo(%, 3, 8 6,0, 7) = f dka[uo(x, 9t & 0, 7) ] fme1(p, v, N; & 9, 7)dpdy
t R

(m z 1),
and put
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(3.17) fx, v, 80, 7) = 2 fulx, 9, 85 & 9, 7).
k=0

We prove first uniform and absolute convergence of the series in (3.17).
Let

s — %5)? i — v — 274 N — 02
Gi(x, y,t;E,n’T)=[(i(T-xt?) +3["7 y (T(—f-t-)l;x)( t)]]

By (3a), Lemma 1, and (3.15) there are constants d and M such that

5] = = s exp [ = T Guto 1) |

at fixed &, 5, and ¢ <7. In order to compute bounds on the terms f, we need
an estimate on the integral

1 =f d)\j ()\ — t)-Zn—lIZ(.,- — )‘)—21»—1/2
t R

*€Xp {_ d2z [Gi(x, ¥ t; u, v, )‘) + Gi(l‘r v, )‘; ey 7, T) ]} d.u'd”-

We change du;=M;, dv;=N;, and in the same way x;, y;, &, 7. into d-1X,,
d-1Y;, d-1E;, d-'H;. The integral becomes

I=d f " = (e — N1 f (A — £)=2(r — N2
t R

- exp {— > [Gi(X, ¥, ¢; M, N, \) +G«(M, N, \; &, H, T)]} d MdN.
I is less than or equal to the integral obtained by replacing R by the whole
phase-space S. We also know that the function defined in (3.5) satisfies the
corollary of Theorem 1. Now the integral over S is nothing but a product of

integrals as in (2.4) and therefore we get

I é (3ll2d)—2n(27r)2nf ()\ — t)—l/2(7. — )\)—1/2(1. — t)—2n
t
‘CXP [_ E G;‘(X, Yr t; E’ Hv 7)] d)"

I £ (d3Y2)~27(2r) 2 (r — £)~2" exp |:_ 42 st(x’ vt €, 1')] .
Therefore ‘

| f1] € w(d31/2)=2(2x) 2" M2(r — £)~*" exp [— d“’ZGa(x, ¥ 8 En, f)] .
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Estimates on the remaining terms of the series are obtained by induction.
We get

exp[— d? Z‘:G.-:I
I'(k/2 + 1/2)

(3.18) lfkl < wU=DI2(312)=2nk( Q) 2nk M (7 — f)1/2(k=D=2n
and therefore
(3.19) Ifl =< const (1 — #)— @12 exp [— a? EG;].

For t =7 —e the series (3.17) is uniformly and absolutely convergent. There-
fore (3.17) defines a continuous function for ¢ <7 —e and by (3.19) this func-
tion is absolutely integrable over R for ¢ <7. We still have to prove that the
function f satisfies a Lipschitz condition of order v, 0 <+y. Because of (3a)
and (3.15), L(u,) satisfies a Lipschitz condition. It is therefore sufficient to
prove that

¥z, 9, 0) =f dkLL[uo(x, ¥, t; 1y v, N f(, v, N; &, 1, 7)dudy

satisfies a Lipschitz condition.
We keep x, k1, fixed and write for x* <x®, both in R,

(1)

P, 9,8 — &,y 0) = f N f AL (uo) fduds,
¢ R
where we introduce the notation

AL(uo) = Lluo(x:", 3, t; 4y v, N — Llua(as, 3, 5 1 v, V).

Outside the region E

@ (@)
%% Spsa,

E{tSNSt+a (@>0,t4+a<7),
y—b=v=y+d (6> 0),
G — b= S x+ 0 (k # 1),

L(uo) satisfies a Lipschitz condition and f(u, », \; &, 3, 7) is absolutely inte-
grable. Therefore it is sufficient to show that

Nf‘m d)\fEIAL(uo)Idudv

satisfies a Lipschitz condition, N is the bound on f(u, », \; & 9, 7) in R.
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According to (3.15)

] AL(u0) I =< const. (A — §)—2n—1/2 {exp [— d’ZGk(xfl), Y, b 1y ¥, )\)]
k

— exp [— d2EGk(x§2). ¥ by, 7\)]} .
k

We split E into two parts according to

W o) @ M @ @
% Sp=s(x +x0)/2, (% 4+ )/2=u=a .

We divide the integral inside by (u—x")7 and (x®—pu)7, 0<y<1, re-
spectively and multiply outside both integrals by |x—x®|v. We obtain
bounded integrals and have

l j: " fEfAL(uo)dp.dv
(2)

For ¥ —3? the proof is analogous.
For ¢t <t™ <™ <7 let us consider

< const. ’ 32) - ag) I".

u(x, y, 1) — u(x, y, 1?®) = f dkffL[uo(x, ¥, 1V u, v, N) Jdudy
R

1))

- d)\ffL[uo(x, ¥, t9; u, v, \) |dudy.
R

¢(2)

We write

w(x, ¥, tV) — u(x, y, t®) = f d)\ffL[uo(x, Y, ¢V, v, N) |dudy
t( R

+ d)\ffL[uo(x, ¥, 85, v, N) Jdudy
R

F1e)]

+fmr def{L[uo(x, 3, 805, v, N) ]

- L[uo(x, b2 t(Z); My, v, )‘)] }d/'“'

where m =minimum of (3:® —¢M)/2 and 7.

The last integral satisfies a Lipschitz condition, because L(uo) does and f
is ‘absolutely integrable.

The first two integrals are bounded and give

| w(x, 3, t®) — u(x, v, 1@ | < const. | #@ — 12,

We have therefore proved that f satisfies a Lipschitz condition.
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We now write (3.9) and prove that » thereby defined satisfies properties
I-III of §2 and this will complete the proof of Theorem 2.

(I) The result of the last paragraph, formula (3.9), and Lemma 3 enable
us to write

L(u) = L(uo) — f(®, y, t; &1, 7) + f fdk fRL(uo)f(u, v, \; &, 1, 7)dudy,

which gives, by (3.16), L(x) =0. We notice that for : =7 —¢, uo and its deriva-
tives are continuous. So is d#/dxx, which can be verified by direct differentia-
tion under the integral sign. We need to show only that d2x/9x:9x, and
du/dy, are continuous. This will entail by (1.1) continuity of du/d¢. It is
sufficient to examine for continuity formulas (3.12) and (3.13). We can write
(3.12)

oU . T 07
Ccim [ a f O s 9 N) = £z, 30 0) Jdudy
yx -0 Jpe R Oyk

T—¢€ (91)
+ lim f(x, 3, £) f N f P Guds.
0 the B Oy

This limit is uniform in (x, y, t) for t=7—e. Let (x, ¥, ¢) tend to (X, ¥, T),
(X, V) in R and T <7. We can interchange the limits e—0 and lim (x, y, ¢)
= (X, Y, T) and this latter can be taken under the integral sign. This proves
continuity of d U/dy;. The proof is the same for 82U /dx.0xx. Therefore prop-

erty I is satisfied by u.
(II) We have by (3.9) and (3.19)

| 4 — u| < const. [¢uin]? f (A — §)=2n(r — N)"2n=1i2d)\
t

. fexp [_ d2ZGi(xr Yy, L m, v, )‘) - d2z Gi(ﬂr v, N &, T)] dﬂd”;
R i i

we get

const.

(3.20) l u — uol = 271(7 — Y2 exp [— dzzG;(x, v, t; & m, 'r)] .

min

Therefore for any continuous and bounded function f(x, y) we have

lim f w(, 3, b5 & 1, 7)f(x, 3)dxdy
t—oT—
(3.21) P
= lim uﬂ(x, ¥, t; Er 7, T)f(xv y)dxdy
D

1oT—
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where D is finite or infinite. The properties of %, immediately yield II.

(III) According to (3.19) we see that wu(x, y, t; & =9, 7) and
xu(x, v, t; £ n, 7) are absolutely integrable. Differentiation of (3.9) shows
that du/dx; are bounded. Hence the results of §2 apply to our fundamental
solution.

To illustrate the use of the fundamental solution we consider an initial-
value problem. If R is the whole of phase space, the following simple problem
can be solved: given a continuous bounded function ¢(x, ¥) there is for £>0
a unique solution of equation (2.2) satisfying

lim #(x, y, t) = ¥(x, y),
-0

provided that both % and du/dx; are bounded and we have

+o0
(3.22) u(x, y, 1) = V(E nult, m, ;5 x, y, t)dédy.

—o0

(3.22) is easily obtained by use of Green’s formula. Uniqueness is conse-
quence of the fact that for ¢ =0, #=0. It is obvious that the restrictions on
u and du/dx: can be relaxed, because of the fact that u(x, v, ¢; £, 3, 7) de-
creases exponentially as well as du/dxy for large values of the coordinates.
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