
THE RADIUS OF UNIVALENCE OF CERTAIN
ANALYTIC FUNCTIONS

THOMAS H. MacGREGOR

1. Introduction. Suppose that f(z)=z-\-a2z2+ • • • is analytic for

\z\ <1. If Re{/(z)/z}>0 for \z\ <1 then f(z) is univalent in |z|

< V2-1 [5, Theorem 3; 7]. The function f(z) = (z+z2)/(l-z) satis-

fies the hypotheses but is univalent in no circle \z\ <r for r>\/2 — 1

since its derivative vanishes at z= \/2 — 1.

In this paper we generalize the above theorem for functions whose

power series begins f(z) =z+<zn+izn+1+ • • • . The estimate used to

obtain this result is further used to find the radius of convexity for

functions f(z)=z-\-an+xZn+1+ • - - which are analytic and satisfy

Re/'(z) >0 for \z\ < 1. For n = 1 this theorem is not new [5, Theorem

2; 10, p. 284]. The condition Re/'(z)>0 is known tobe sufficient for

the univalency of f(z) in \z\ <1 [l, p. 18].

We consider the problem of finding the radius of univalence for

functions f(z) = z + a2z2 + • • • which are analytic and satisfy

Re {/(z)/g(z)} >0 for | z| <1, where g(z) =z+b2z2+ • • • is analytic and

univalent for \z\ <1. In the case that g(z) is either starlike or convex

this problem is solved. We take particular advantage of the condi-

tion Re{z/'(z)//(z)} >0 for \z\ <r, which is necessary and sufficient

for/(z) to be univalent and starlike in \z\ <r [8, p. 105, problem 109].

For arbitrary univalent functions g(z) we only obtain an estimate for

the radius of univalence for/(z).

2. Lemma 1. Suppose that h(z) = l-\-cnzn-\- • • • is analytic and

satisfies Reh(z)>0for \z\ <1. Then

h'(z)

h(z)

2w I z\n~x

1 -  I zl2"

Proof. Let k(z) = (l-h(z))/(l+h(z))=dnzn+ ■ ■ ■ . Then k(z) is

analytic for \z\ <1 and \k(z)\ <1. Thus, k(z) = znc/>(z) where <p(z) is

analytic for \z\ <1 and |c/>(z)| g 1. For such functions we have

,        1-1 <Kz) I2

[2, p. 18].
Expressing &(z) and fe'(z) in terms of 0(z) gives
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h'(z) zd>'(z) + n$iz)
-= _ 2sn— *-
A(z) 1 - z2"c62(z)

h'iz)

h(z)

Using (1) we obtain

h'(z)

2,    .    J«| |*'M|    h »1*0
1 -    z 2»   ç6(z)

h(z)

2\z\n~1    I z| (1 - \(j>(z)\2)+n(l - | z|2)|<6(z)

= 1 - | zl2 1 - |z|2»|</>(z)|2

'To prove the lemma it is sufficient to show that for |z| —r,

0<r<l,

r(l - | (¡>(z) |2) + re(l - r2) \ <bjz) | ^ n(l - r2)

1 - r2"| d>(z)\2 1 - r2n

Letting x= \<p(z)\ this is equivalent to (1— x)Pn(x)^0 for Ogx^l,

where

Fn(x) = a-bx,    a = n(l - r2) - r(l - r2n) > (1 - r2)(n - nr) > 0,

b = r(l - r2n) - wr2"(l - r2)

= r(l - r2)(l + r2 + r4 + • • • + r2"-2 - nr2"'1)

= r(l - r2){ (1 - r2"-1) + (r2 - r2""1) + • • • + (r2n~2 - r2""1)}

>0.

Since A„(x)^An(l) we can prove A„(x)S;0 by showing that

Pn+i(l)^A„(l) and ^(1)^0.

PB+1(1) - A„(D

= (1 - r2)(l - r2"+1 - r2n+l + r2n+2 — nr2n + nr2n+2)

= (l - r2)(l - r){ 1 + r + r2 + ■ ■ ■ + r2n - r2n+l - nr2n - nr2n+1\

>0.

This inequality follows since the negative terms in the brackets can

be expressed as 2n + l terms each of which is numerically less than a

corresponding positive term.

Finally, Ai(l) = (l+r)(l-r)3>0.

One can show that the equality holds in the lemma only for the

functions h(z) = (l — ezn)/(l+tzn) where |e| =1 and for appropriate

values of z.

Theorem 1. Suppose that f(z) = z+an+izn+l+ • • ■  is analytic and

1 I would like to thank the referee of this paper for simplifying my argument for

the remaining part of the proof.
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satisfies Re{/(z)/z} >0 for \z\ <1. Then/(z) is univalent and starlike

in \z\ <((«2 + l)1/2-re)1'".

Proof. Since Re{/(z)/z| >0 we can infer that/(z) cannot vanish

in |z| <1 except for a simple zero at z = 0. Let

/(z)
hiz) = — = 1 + an+1z» + • • ■ , Re *(«) > 0       for | z\   < 1.

z

From Lemma 1 we have

zh'iz)

Kz)

2re   z h

Also
zf'jz) z^W

/(*) *(«)

Therefore, /(z) will be univalent and starlike if |zft'(z)/A(z)| <L

From the above estimate this is satisfied if (2re|z|")/(l—|z|2n) <1,

i.e., for \z\ <((w2 + l)1/2-«)1'".

The function/(z) = (z+zn+1)/(l-zn)=z-f-2zn+1 + • • •   satisfies

Reí—1■m
but is not univalent in   |z| <r for r>rn= ((w2 + l)1/2 —re)1/n since

f(fllA«»/m))_0.

Theorem 2. Suppose that fiz)=z+an+izn+1+ ■ • • is analytic and

satisfies Ref'(z)>0for \z\ <1. Thenfz) is convex in \z\ <((re2 + l)1/2

-re)1'".

Proof. We can apply Lemma 1 to f'(z) = I+ (n + l)an+izn+ ■ ■ ■

¿2re|z|"-7l-|z|2n. The

<r is necessary and suffi -

since Re/'(z)>0. This gives l/"(z)//'(z)

condition Re{ (z/"(z)//'(z))-r-l} >0 for |z

cient for f(z) to map |z| <r onto a convex domain [8, problem 108,

p. 105 ]. This condition is satisfied if | zf"(z)/f'(z) | < 1. From the above

estimate we can deduce that/(z) is convex if (2w| z| ")/(l — [ z|2n) < 1.

This inequality is equivalent to |z| <((re2 + l)1/2 —re)1/n.

The function

/' * 1 + crn                              2
-do- = z +-Z-+1 +

o   1 - cr»                 re + 1

1 + cr"
do- = z +

o   i — o- re + 1

is an extremal function for Theorem 2.
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3. Theorem 3. Suppose that fiz)=z-{-a2z2-\- - ■ ■ and giz)=z

-f-&2Z2+ • • • are analytic for \z\ <1 and giz) is univalent and starlike

for \z\ <1. 7/ Re}/(z)/g(z)} >0 for \z\ <1 then /(z) is univalent and

starlike in \z\ <2 — V3.

Proof. The hypotheses imply that /(z) and giz) do not vanish in

\z\ <1 except for the simple zero at z = 0. Let

Kz) = -— = 1 + ciz + • • • , Re Â(z) > 0       for    z    < 1.
giz)

Applying Lemma 1 to hiz) for n = 1 gives |zä'(z)/ä(z)|

Ú 21 z\ /(l - I z\2). Since giz) is starlike Re {zg'iz)/giz)} >0 for | z\ < 1.
ThusRe{zg'(z)/g(z)| ^(1-|z| )/(l + |z|) [8, problem 287, p. 140].

zf'(z)       zg'(z)   ,   «*'(«)

/(*) *(«) *(*)

I f(z) ) \ g(z) )

zh'(z)

h(z)

> 1- l«l        2IZI
1 +

1 -4[z|  +

1 -  Ul2

Thus, Re{z/'(z)//(z)} >0 if l-4|z| +|z|2>0. The last inequality is

satisfied for \z\ <2 — -\/3. Therefore/(z) is univalent in \z\ <2 — \/3

and maps that circle onto a starlike domain.

The function/(z) = (z+z2)/(l — z)3 satisfies the hypotheses of Theo-

rem 3 where giz) =z/(\ —z)2 and h(z) = (l+z)/(l —z). The derivative

of this function vanishes at z=y/3 — 2. Thus, it is univalent in no

circle I z\ < r with r >2 — a/3.

For a part of the next theorem we need a sharpening of Lemma 1

for n = 1. This result is known but we give a short proof of it here.

Lemma 2. Suppose that h(z) = l+ciz+ • • ■ is analytic and satisfies

Reh(z)>0for \z\ <1. Then \h'(z)\ g2 Re Ä(z)/(1-|z|2).

PROOF.2Letc6(z) = (l-fc(z))/(l+&(z)),|cMz)| < 1 for [z| <1. Using

.       1 - U(z)|2
(1) I 4>'(z) I   ̂  7  J

1 — I z|2

gives

* The author thanks the referee for indicating that the proof of this lemma can be

obtained so readily from the estimate (1).
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I *'(*)! =
1 + A(z)|2- I 1 -h(z)\2

2(1- |z|2)

The lemma follows by noting that 11+ h (z) |2 - 11 - h (z) |2 = 4 Re h (z).

Theorem 4.  Suppose that /(z) = z + a2z2 + ■ ■ ■   and g(z) = z

+Z»2z2+ • • •   are analytic for \z\ <1 and g(z) is univalent and convex

for \z\ <1. If Re{/(z)/g(z)}>0/or \z\ <1 then Re{/'(z)/g'(z)} >0

for \z\ <\. Also,f(z) is univalent and starlike for \z\ <\.

Proof. The hypotheses imply that/(z), g(z) and g'(z) do not vanish

in |z| <1 except for the simple zeros of f(z) and g(z) at z = 0. Let

Ä(z)=/(z)/g(z) = l-f-ciz+ • • ■ , ReÄ(z)>0 for \z\ <1.

Applying Lemma 2 to h(z) gives | h'(z)\ ¿2 Re h(z)/(l- \z\2).

Since g(z) is univalent and convex for \z\ <1 we have Re {zg'(z)/g(z)}

>i for \z\ <1 and consequently Re(zg'(z)/g(z)} è(1 + 1 zl)-1 [6; 9].

This implies |g(z)/g'(z)| ^ | z| (l + |z| ).

Re

f'iz)

g'iz)

Í—1*

«00
*(*) + -T7T *'(*)

g'iz)

Re A(z)
*(*)

g'(z)
Viz)

^ Re ä(z) -

1 -3|z|

1 - \z\

z|(l+ \A)

Reh(z).

2 Re h(z)

1 -  I zl2

Thus, for | z| <§ Re{/'(z)/g'(z)} >0. This shows that/(z) is univalent

and close-to-convex for \z\ <^ [4].

Let us show that/(z) maps \z\ <| onto a starlike domain.

zf'(z)       zg'(z)   ,   zh'(z)

f(z) giz) Hz)

zg'iz)}braira.
I /W Í I giz) )

zh'(z)

h(z)

>
2   z\

1 +

l-3|z|

For \z\ <i Re{z/'(z)//(z)} >0. Thus,/(z) is starlike in \z\ <|.

Theorem 4 gives the radius of univalence for the class of functions

considered.   In  order  to  show  this  let f(z) = (z+z2)/(l— z)2,  g(z)
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= z/(l—z). Then, g(z) is univalent and convex for |z| <1. Here,

h(z) = (l+z)/(l—z) and therefore ReA(z)>0. This function/(z) is

univalent in no circle |z| <r with r>\ since/'( — \) =0.

Theorem 5. Suppose that f(z) = z + a2z2 + • • • and g(z) = z

+b2z2+ • • • are analytic for \z\ <1 and g(z) is univalent in \z\ <1.

If Re{/(z)/g(z)} >0 for \z\ <1 then f(z) is univalent in \z\ <l/5.

Proof. Let h(z)=f(z)/g(z) = l+dz + • ■ • , Re h(z)>0 for |z| <1.

To show that/(z) is univalent in | z| ¿r it suffices to show that/(z)

is univalent on |z| =r. Let Zi^z2, |zi| =|22| =r. Then,/(zi) =f(z2) can

be written

1     gM - gizi) 1     A(z2) — hiz-i)

g(2l) Z2 Zl Â(Z2) z2 — Zi

Thus, if

g(22) - g(zi)

g(zi)(z2 - Zi)
>

k(z2) — h(zi)

h(z2)(z2 — Zi)

then/(z) is univalent in |z| ¿r.

Let k(z) = (l-h(z))/(l+h(z)),_\k(z)\ <1 for |z| <1 and ¿(0)=0.

Therefore |&'(z)| ^1 for |z| ^\/2 — 1 [2, p. 19]. From the representa-

tion k(z2) —k(zi) =f^k'(z)dz where the path of integration is the line

segmentfromzitoz2theestiinateon&'(2) gives | (k(z2) — k(zi))/(z2 — Zi)\

i£l for r^.y/2 — l. Expressing h(z) in terms of k(z) yields

h(z2) - h(zi)

h(z2)(z2 — Zi)

h(z2) — h(zi)

k(z2) - ¿(Zi) 1

- Zi (I + k(Zl))(l - k(z2))

h(z2)(z2 — Zi) (1 -  |*(*,)|)(1 -  \k(z2)\)

2 2

(1-  |zi|)(l-  |z2|)       (l-ry

Here we have used Schwarz's lemma | kiz) | ^ | z|.

Since g(z) =z+b2z2+ • • •   is analytic and univalent for z\ <1

giZi) - gizi)

z2 — Zl

[3].   Using   this   estimate

^ |z|/(l + |z|)2 we obtain

^ |g(2i)g(z2)
1 -

and   the   distortion   theorem    | g(z) |
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g(Zi) - g(Zx)

giZx)iZ2 - Zx)

1 - r

= r(l + r)

Therefore, /(z) is univalent in \z\ ^ r if r ^ \/2 — 1 and

(1—r)/(r(l+r))>2/(l—r)2. The last inequality is equivalent to

1 — 5r+r2 — r3 > 0. Since the equation 1 — 5r-f-r2 — r3 = 0 has one positive

root r0, where 0.20<r0<0.21, we can infer that/(z) is univalent in

|z| <ro. In particular,/(z) is univalent in \z\ <l/5.

The circle \z\ <r0 is not the circle of univalence for the functions

f(z) which satisfy the hypotheses of Theorem 5. If it were then we

must have | g(z)| = |z|/(l + |z| )2 for some z. This estimate holds

only for the functions g(z) =z/(l+ez)2 where |e| =1. Since these

functions are starlike for \z\ <1 Theorem 3 implies that/(z) would

be univalent |z| <2 — \/3. However, 2 — \/3 = 0.267 • ■ • >r0.
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